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Abstract

Heterogeneous-agentmacroeconomics has reformed the income andwealth
sides of the household problem. The HANK program established that aggre-
gate dynamics require the cross-sectional distribution ofmarginal propensities
to consume, balance-sheet exposures, and permanent income. Every model in
this program inherits, without examination, a smooth actuarial mortality haz-
ard calibrated to population life tables. This is the last unreformed input, and
it is structurally wrong.

The expected residual life of an agent is a value function defined on a man-
ifold whose boundary is death. That function has a geometric property rarely
stated in the economic literature: its curvature diverges at a specific power-
law rate as the agent approaches the boundary. Every lifecycle model that
represents mortality as a smooth hazard imposes a bounded-curvature ap-
proximation on a function whose curvature is unbounded. No function in the
smooth hazard class can encode the shock structure of catastrophic diagnoses
that dominate individual mortality trajectories near the boundary, regardless
of how many parameters the hazard contains.

We establish three structural consequences. First, the population-level re-
sponse to symmetric interventions is asymmetric: the worsening direction sys-
tematically exceeds the improving direction by a factor governed by a single
cross-sectional moment, the covariance between boundary curvature and in-
tervention exposure. Second, this covariance is not a small correction in clinical
settings: unlike the borrowing-constraint analog in macroeconomics, where
the boundary binds for a minority of agents, the mortality boundary is univer-
sal, and the population-level curvature integral diverges in a way the macroe-
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conomic scaling intuition cannot accommodate. Third, the representation class
that correctly encodes the boundary geometry exists: trained networks with
piecewise-linear activation produce value functions that are exactly tropical
polynomials in the max-plus semiring, with the density of the piecewise struc-
ture near the boundary encoding the curvature divergence that smooth func-
tions cannot.

A constellation of puzzles that the lifecycle literature has documented and
not resolved, covering wealth decumulation, bequest dispersion, annuitiza-
tion, retirement timing, portfolio composition, health expenditure at end of life,
long-term care insurance, Social Security claiming, and pension tax choices.
These are projections of a single geometric fact. Correcting the mortality input
generates each of them as equilibrium properties of the model rather than as
calibrated parameters or behavioral anomalies.

Keywords: lifecycle models; heterogeneous agents; mortality; absorbing
boundaries; tropical geometry; sufficient statistics; bequest motives; annuity
puzzle; retirement; portfolio choice; health expenditure
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1. Introduction

1.1 The Standard Treatment and Its Failure
Every lifecycleHamilton-Jacobi-Bellman equation in the heterogeneous-agentmacroe-
conomics literature takes a form in the neighborhood of:

rV (a, z) = max
c

{u(c) + Va · (z + ra− c) + λ [V (a, z′) − V (a, z)] − δk [V (a, z) − b(a)]}

where a is wealth, z is income, u is the utility function, b(a) is the bequest value,
and δk is the mortality hazard rate, a smooth age-dependent scalar calibrated to
actuarial population tables. Straub (2019) agents die with certainty at biological
age 90 facing a positive δk between periods. De Nardi (2004) uses the same struc-
ture with a parameterized bequest motive layered on top. Kaplan-Moll-Violante
(2018) employ it in their two-asset HANK model. Stantcheva (2015) inherits it
as the terminal condition governing when bequests are transferred in a dynastic
Barro-Becker model.
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The mortality term enters as a discount-rate adjustment: −δk · (V − b). The bound-
ary condition V (0, z) = b(0) is specified at a terminal age, not derived from the
mortality process. This is the misspecification.
The true mortality term is not −δk · (V − b) with smooth δk. It is the generator of the
hitting-time distribution, which has second derivative diverging as the agent ap-
proaches the absorbing boundary at rate s−3/2 where s is the distance to the bound-
ary. The standard treatment replaces a function with unbounded curvature with a
linear approximation whose error is largest precisely where bequest and decumu-
lation decisions are made.
The purpose of this paper is to establish that this is not a matter of calibration, not
choosing a better δk, but of representation: no function in the smooth hazard class
can encode the geometry of the correct value function near the absorbing boundary.

1.2 The Puzzle Landscape
The lifecycle literature has accumulated a substantial inventory of empirical anoma-
lies that resist explanation within the standard smooth-mortality framework. They
span savings behavior, insurance choices, retirement timing, portfolio composition,
health expenditure, and tax optimization. They are documented by separate liter-
atures using separate methods and attributed to separate domain-specific mecha-
nisms. We claim they are not separate phenomena. They are projections of a sin-
gle geometric fact: the value function is steep, nonlinear, and asymmetric near the
absorbing boundary, and agents near that boundary behave in ways that bounded-
curvature approximations cannot represent.
Section 6 works through each puzzle in detail. Here we catalogue them briefly to
establish scope.
Savings and decumulation. The elderly dissave far more slowly after retirement
than standardmodels predict: medianwealth falls 2-3% annually against predicted
8-12%,with dramatic cross-sectional heterogeneity at the same age andwealth level
that the smooth model has no mechanism to generate. Precautionary saving by
the high-wealth elderly persists at levels an order of magnitude above buffer-stock
predictions.
Bequests. Bequests are larger and more dispersed than voluntary-bequest models
produce, even conditional on retirement wealth. The dispersion is the signature:
smooth mortality ties bequest incentives to age, not trajectory, and cannot generate
the observed cross-sectional variance.
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Annuitization. Actuarially-fair annuities are rejected by the large majority of re-
tirees despite Yaari’s (1965) prediction of near-universal purchase. The puzzle is
not the average rejection rate; bequest motives and adverse selection account for
part of that, but the correlation between rejection and clinical trajectory markers,
which the population-table pricing that defines “actuarially fair” cannot accom-
modate.
Social Security claiming. Sixty percent of Americans claim Social Security at or
before full retirement age despite actuarially unfavorable terms under population
mortality tables. The rate of early claiming is strongly predicted by self-reported
health, itself a noisy proxy for clinical trajectory. The smooth model, calibrated to
population tables, predicts the opposite of what is observed.
Retirement timing. Retirement is sharply accelerated by catastrophic diagnoses
and decelerated, sometimes indefinitely, by the absence of them. The smooth haz-
ard model predicts smooth optimal stopping; the trajectory-dependent model pre-
dicts the jump retirement that clinical shocks actually produce.
Long-term care insurance. LTCI take-up is approximately 7% despite substantial
actuarial LTCI risk (Brown and Finkelstein 2007). Standard explanations (Medi-
caid crowd-out, adverse selection, behavioral factors) account for at most half of
the gap. The curvature asymmetry provides the missing piece: for near-boundary
agents, the gains from LTCI coverage are smaller than smooth models suggest be-
cause the value function is already steep in the direction of adverse events.
Portfolio composition. Elderly investors maintain equity exposure well above the
lifecycle model’s age-based derisking prescription. They treat home equity as a last
resort, accumulate excess cash, andmaintain life insurance past the pointwhere the
standard model says it should be cancelled. Each of these is a hedging response
to boundary proximity that the smooth model cannot identify because it cannot
represent the boundary geometry.
Health expenditure at end of life. Family and individual willingness to authorize
high-cost, low-expected-benefit treatment at end of life is dramatically above what
the smooth utility model predicts. This is not irrationality. Near the absorbing
boundary, where curvature is large, the marginal value of small extensions in sur-
vival time is high and the asymmetrymeans deterioration costsmore than improve-
ment gains, producing a rational demand for aggressive intervention that looks like
over-treatment from the vantage of population-table analysis.
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Pension tax choices. The Roth versus traditional IRA conversion decision, the
choice between defined-benefit and defined-contribution pensions, and the timing
of estate gifts before death all exhibit patterns correlated with clinical trajectory in
ways that smooth mortality cannot generate. Each is a variant of the same underly-
ing problem: the optimal tax strategy depends on the timing of the terminal event,
and the timing depends on the clinical trajectory in a nonlinear way.
Each of these will be resolved in Section 6 as a consequence of correcting the mor-
tality input, not as an additional parameter or a behavioral overlay.

1.3 The Geometric Identity
The core mathematical object is the value function V (x) = Ex[τ ], where x is the
agent’s state, Ω is the interior (the living region), and τ = inf{t ≥ 0 : Xt ∈ ∂Ω}
is the first hitting time of the absorbing boundary (death). For a nondegenerate
diffusion on a domain Ω ⊂ Rd with C2 boundary, V is the unique classical solution
of:

LV (x) = −1 on Ω, V (x) = 0 on ∂Ω

where L = b · ∇ + 1
2 tr(σσ⊤∇2) is the infinitesimal generator. The standard result

(Friedman 1975) gives the boundary asymptotics: for x0 ∈ ∂Ω and unit vector ν
pointing into Ω,

∣∣∣∂2
νV (x0 + sν)

∣∣∣ ∼ c2 · s−3/2 as s → 0+

The curvature diverges at rate s−3/2. This is not a peculiarity of a particular parame-
terization. It is exact for Brownian hitting times to a smooth boundary and bounds
the general nondegenerate case from below. Every smooth actuarial hazardmodel,
by construction, produces a value function with bounded second derivative. The
approximation error concentrates at ∂Ω, precisely where bequest motives and de-
cumulation incentives are determined.

1.4 The Population-Level Consequence
A symmetric perturbation ±δ along direction ν at interior point x produces a re-
sponse:
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[V (x+ δν) − V (x)] + [V (x− δν) − V (x)] = δ2∂2
νV (x) +O(δ3)

The asymmetry between worsening and improving interventions is governed by
the local second derivative. Summed across a heterogeneous populationwith inter-
vention exposure δi and mean-zero randomization, the population-level response
factors as:

∆V̄ ≈ 1
2
[
E[δ2

i ] · E[κi] + Cov(δ2
i , κi)

]
where κi = |∂2

νV (xi)| is the local boundary curvature at patient i’s state. The covari-
ance Cov(δ2

i , κi) is the sufficient statistic: it captures whether intervention intensity
is targeted at high-curvature agents (those near the boundary). This decomposi-
tion is structurally identical to Auclert’s (2019) redistribution channel in monetary
policy transmission; the methodological move is direct transposition.
The scaling, however, differs qualitatively. In macroeconomic settings the relevant
boundary is the borrowing constraint, binding for 10–30% of agents at any mo-
ment. The curvature is large only for the constrained subpopulation; the uncon-
strained majority contributes near-zero values to the covariance, producing the 7%
output-volatility contribution Berger, Bocola, and Dovis (2023) estimate. In clinical
mortality the boundary is universal. Every agent is on a finite-time path to ∂Ω; the
curvature integral ∫ 1

0 q
−3/2dq diverges. The cross-sectional moment is not a small

correction to a representative-agent benchmark; it is the dominant feature of the
aggregate response.

1.5 The Representation Class
The representation class that correctly encodes the boundary geometry exists. Trained
ReLU networks produce embeddings whose value function is exactly a tropical
polynomial in the rationalmax-plus semiring: a piecewise-affine functionVθ : Rd →
Rwith pieces corresponding to vertices of a polyhedral subdivision of input space
(Zhang, Naitzat, and Lim 2018; Zhorin 2026a). Within each piece, Vθ is affine and
second derivatives vanish. Across piece boundaries, Vθ has discontinuous gradient
and the second derivative is a sum of Dirac measures supported on the polyhedral
complex. The local curvature depends on the density of the polyhedral subdivision
near x: near the absorbing boundary the subdivision is arbitrarily fine; far from the
boundary it is coarse. The trained model encodes the boundary-curvature asym-
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metry by construction, provided the training data contains sufficient signal near
the boundary.
This architectural fact has a direct implication for lifecycle modeling. The CLS em-
bedding produced by the trained transformer plays a sufficient-statistic role: once
Φ(xi) is computed for agent i, the curvature κ(xi, ν) in anydirection is recoverable as
a finite-difference computation on the trained network. The population-level mo-
ment Cov(δ2

i , κi) is then a single inner product across the population, computable
in linear time.

1.6 Relation to Prior Literature
Lifecycle models with differential mortality. De Nardi, French, and Jones (2010)
is the closest predecessor: it incorporates differential mortality across socioeco-
nomic groups but maintains the smooth parametric form, fitting separate hazard
functions to separate groups. The present paper argues that the class of smooth
hazard functions is the problem, not the calibration of a particular representative
within that class. De Nardi’s (2004) explicit dismissal of differential mortality as
a quantitatively small correction is refuted in Section 8 of this paper on structural
grounds: the dismissal relied on the macroeconomic scaling argument that fails
when the boundary is universal.
The HANK program. Auclert (2019), Straub (2019), and Auclert, Rognlie, and
Straub (2021) established that aggregate dynamics require cross-sectionalmoments.
The aggregation result of this paper (Section 3) is a direct transposition of their
methodology into the mortality domain. The contribution is both the identifica-
tion of the relevant moment (boundary curvature rather than MPC or net nomi-
nal position) and the demonstration that the scaling differs qualitatively from the
macroeconomic benchmark.
Hansen and Sargent: Tenuous Beliefs. Hansen and Sargent (2017) develop a
framework for pricingmacroeconomic uncertainty when investors havemodel am-
biguity across structured parametric models and misspecification concerns about
all of them. They use Chernoff entropy, a statistical distance governing detection
error probabilities, to calibrate the penalty parameter quantifying how far from
the structured models a worst-case adversary may deviate, and they solve the re-
sulting robust decision problem via HJB equations. Their central empirical result
is a directional asymmetry in uncertainty prices: investors especially fear bad-state
persistence. Section 3.6 of this paper establishes that this asymmetry is a direct con-
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sequence of the geometry of value functions near absorbing boundaries, with the
Chernoff entropy between the trajectory-dependent and population-tablemortality
distributions providing the information-theoretic measure of the lifecycle model’s
misspecification severity. The Chernoff entropy calculations inHansen and Sargent
(2017) were contributed by Victor Zhorin (acknowledged in that paper), and the
connection between those calculations and the boundary-value machinery devel-
oped here is the basis for Section 3.6.
Behavioral economics. The gain-loss asymmetry documented by Kahneman and
Tversky (1979) in prospect theory (losses loom roughly 2.25 times as large as equiv-
alent gains) is themost replicated finding in behavioral economics. It is typically at-
tributed to reference-point psychology. Section 3.6 establishes that the same quanti-
tative asymmetry arises as a consequence of boundary curvature for rational agents
near the mortality boundary, without any psychological mechanism, and that the
geometric explanation generates a specific testable prediction (increasing loss aver-
sion with boundary proximity) that distinguishes it from the behavioral explana-
tion. This does not refute prospect theory; it provides a structural microfoundation
for the loss-aversion asymmetry in the domain where the behavioral evidence is
strongest.
The Stantcheva program. Stantcheva (2015, NBERWP 21177) derives optimal be-
quest tax formulas as functions of estimable sufficient statistics in a dynastic model
where parents transfer resources through education investments and financial be-
quests. The terminal condition governing when the bequest occurs; the mortality
process is taken as exogenous. The correction derived here implies that the suffi-
cient statistics for optimal bequest taxation include the curvature-exposure covari-
ance as an additional moment. Stantcheva’s formulas remain correct in structure;
themoments they depend on change, and the optimal bequest tax differs fromwhat
population-table calibration delivers.
The Townsend program. Moll, Townsend, and Zhorin (2017) is the direct pre-
decessor within the heterogeneous-agent literature: it uses the Thai household
data to study heterogeneous-agent dynamics with financial frictions, placing the
Townsend household-as-corporate-firm framework within the HANK methodol-
ogy. Mortality appears in that framework as the exit event terminating the house-
hold balance sheet. The present paper supplies the trajectory-dependent mortality
representation that was unavailable when that paper was written.
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1.7 Organization
Section 2 establishes the trajectory space: medical event sequences as causal paths,
theKleene closure, the embedding into roughpath space, and the absorbing bound-
ary. Section 3 establishes the geometric identity and the aggregation result. Section
4 proves that the standard lifecycle model is structurally misspecified and that the
Cox family is incapable of correcting it. Section 5 establishes the tropical polyno-
mial representation class. Section 6 resolves empirical puzzles. Section 7 develops
the empirical application to financial trajectories. Section 8 presents the corrected
lifecycle model and addresses the De Nardi scaling objection. Section 9 discusses
extensions and the Stantcheva bequest tax implication.

2. The Trajectory Space
The standardheterogeneous-agentmodel parameterizes agent type by (a, z): wealth
and income. The mortality process is attached as a scalar hazard δk(a, z, age). The
crucial move of this paper is to replace the scalar health index with the full clin-
ical trajectory as the agent’s mortality-relevant type. This section establishes the
mathematical structure of the trajectory space.

2.1 Event Space and Causal Structure

Definition (). Let E be a finite vocabulary ofmedical event types: ICD-10 diagnosis
codes, procedure codes, medication codes. A timestamped event is a pair (e, t) ∈
E × R+ where t denotes occurrence time.

Definition (). A trajectory is a finite sequence γ = ((e1, t1), . . . , (en, tn)) with t1 ≤
t2 ≤ · · · ≤ tn. The space of all trajectories is the Kleene closure:

Γ =
∞⋃

n=0
(E × R+)n

equipped with the causal partial order i ≺ j ⇐⇒ ti < tj .
The Kleene closure is the computer scientist’s path space. In the economic lan-
guage, each trajectory γ ∈ Γ is a complete typedescription for themortality-relevant
component of agent heterogeneity. The standard lifecycle model compresses this
type to a scalar age-dependent hazard; the present framework preserves the full
structure.
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Remark (). Consider a 45-year-old male with a diagnosis of glioblastoma (ICD-10
C71.9). His scalar hazard under any actuarial table is that of a 45-year-oldmale. His
true mortality probability within 24 months is approximately 0.90. The compres-
sion error is not a matter of heterogeneous tables; it is a matter of the single event
(eGBM, t0) inducing a discontinuity in the value function along a direction that no
pre-specified scalar index can capture. This is the generic structure of catastrophic
diagnoses: not steep gradients in a smooth function but shocks, discontinuities in
the value function on trajectory space (Zhorin 2026a, Section 1).

2.2 Embedding into Analytic Path Space
The Kleene closure Γ embeds into the analyst’s rough path space via a piecewise-
constant lift. Fix an embedding map ϕ : E → Rd assigning each event type a vector
representation. Each trajectory γ = ((e1, t1), . . . , (en, tn)) maps to a càdlàg path γ̃ :
[0, T ] → Rd with:

γ̃(t) = ϕ(ei) for t ∈ [ti, ti+1)

This piecewise-constant lift is the bridge from the discrete trajectory space to the
analytic tools of rough path theory.

Definition (). For a path γ : [0, T ] → Rd of bounded variation, the signature is the
sequence of iterated integrals:

S(γ) =
(
1, S(γ)1, S(γ)2, . . .

)
∈ T ((Rd)) =

∞⊕
k=0

(Rd)⊗k

where the k-th level is S(γ)k
i1,...,ik

=
∫

0<t1<···<tk<T dγ
i1
t1 ⊗ · · · ⊗ dγik

tk
.

By Chen (1958) andHambly-Lyons (2010), the signature S(γ) uniquely determines
γ up to tree-like equivalence; for generic paths it is a complete invariant. The tra-
jectory type, for mortality prediction purposes, is the equivalence class under the
signature.

2.3 The Absorbing Boundary

Definition (). Let ∂Ω ⊂ Γ denote the set of trajectories terminating in death within
the prediction horizon T . More precisely, ∂Ω is the image in trajectory space of
the event e†, the terminal event (death). For the lifecycle model, ∂Ω is the set of

10



agent states from which the exit event is realized, and the value function satisfies
the boundary condition V (γ) = 0 for γ ∈ ∂Ω.

Remark (). The absorbing boundary of clinical mortality differs from the borrow-
ing constraint in lifecycle models in one structural respect: every trajectory termi-
nates at ∂Ω in finite time with probability one. This is the formal content of “the
boundary is universal.” The hitting time τ is almost surely finite for every agent, at
every initial state x ∈ Ω. The borrowing constraint, by contrast, is never reached by
a positive fraction of agents; those with sufficient wealth never encounter it. The
difference in universality drives the difference in empirical scaling established in
Section 8.

2.4 The Trajectory as Economic Type
The key economic reinterpretation: in a heterogeneous-agent lifecycle model incor-
porating clinical trajectory, the agent’s type is the pair (a, γ), comprisingwealth and
medical history, rather than (a, z). The income process z is standard; the mortality
component is trajectory-dependent. The lifecycle HJB becomes a functional PDE
on the product space R+ × Γ:

rV (a, γ) = max
c

{u(c) + Va(a, γ) · (z(γ) + ra− c) + GγV (a, γ)}

where Gγ is the generator of the clinical trajectory process, a functional differential
operator that replaces the scalar mortality term −δk · (V − b) of the standard model.
The precise form of Gγ and its computational tractability are taken up in Section 8.
For now, it suffices to note that V (a, ·) restricted to trajectory types near ∂Ω inherits
the curvature blow-up of the geometric identity of Section 3.

2.5 Temporal Encoding and Irregular Event Timing
Medical events arrive at irregular intervals. This creates an identification challenge
that the signature formalism handles cleanly but that standard positional encod-
ings do not. Appending spectral temporal features to event embeddings before
computing signatures incorporates timing information into the path:

ψ(ei, ti) = ϕ(ei) ⊕ τ(ti)

where the temporal lifting τ : R+ → R2K+1 is:
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τ(t) = (ω0t, sin(ν1t+ φ1), cos(ν1t+ φ1), . . . , sin(νKt+ φK), cos(νKt+ φK))

with learnable frequencies {(νk, φk)}K
k=1 (Kazemi et al. 2019). This is Time2Vec: the

spectral parameterization of the rough path lift, whose learned frequencies span
scales from circadian patterns to multi-year disease progression. The critical fea-
ture for the economic application is that the temporal geometry of the trajectory;
the acceleration of events as the agent approaches the boundary is encoded by the
frequencies νk and is therefore recoverable from the trained model.

Proposition (). Any continuous periodic function f : R → R can be approximated
arbitrarily well by linear combinations of the Time2Vec basis functions. With learn-
able frequencies, the representation extends to quasi-periodic and multi-scale pat-
terns. Proof: Stone-Weierstrass; the set {1, t, sin(ωt + φ) : ω, φ ∈ R} generates a
subalgebra of C([0, T ]) that separates points and vanishes nowhere.
The practical consequence: event acceleration precedingmortality, awell-documented
clinical phenomenon, is a pattern learnable in the spectral basis. The econometri-
cian does not need to specify the acceleration structure in advance; it is discovered
by gradient descent on the population of trajectories.

3. The Geometric Identity

3.1 Setup
Let Ω ⊂ Rd be a bounded domain with C2 boundary ∂Ω, treated as the absorbing
set. Agent state x ∈ Ω evolves under:

dXt = b(Xt) dt+ σ(Xt) dWt, X0 = x

with b : Ω̄ → Rd and σ : Ω̄ → Rd×d Lipschitz, and σσ⊤ uniformly elliptic on Ω̄. The
hitting time is τ = inf{t ≥ 0 : Xt ∈ ∂Ω}. The value function is the expected residual
life:

V (x) = Ex[τ ]
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By standard results for nondegenerate diffusions (Karatzas and Shreve 1991), V is
the unique classical solution of:

LV (x) = −1 on Ω, V (x) = 0 on ∂Ω (HJB)

This is the correct lifecycle value function. The smooth actuarial hazard approxi-
mation replaces it with a function satisfying LV (x) ≈ −δk · V (x): a fundamental
change in the PDE that cannot be corrected by recalibration.

3.2 The Curvature Identity

Proposition (). For any x0 ∈ ∂Ω and unit vector ν pointing into Ω at x0:

V (x0 + sν) ∼ c1 · s1/2 as s → 0+

Differentiating twice:

∣∣∣∂2
νV (x0 + sν)

∣∣∣ ∼ c2 · s−3/2 as s → 0+ (Curvature Identity)

The constant c2 depends on the diffusion coefficients σσ⊤ and on the curvature of
∂Ω at x0. The half-power exponent in V and the minus three-halves exponent in
∂2

νV are exact for Brownian hitting times. For general nondegenerate diffusions,
the exponent −3/2 bounds the curvature growth from below.

Corollary. Any smooth function Ṽ : Ω̄ → R satisfying Ṽ ∈ C2(Ω̄) has ∥∂2
ν Ṽ ∥∞ < ∞

on Ω̄. The approximation error ∥V − Ṽ ∥C2 is therefore unbounded near ∂Ω for any
Ṽ in the smooth class. The standard lifecycle model, which produces a smooth ef-
fective value function, is incapable of representing (Curvature Identity) regardless
of parameterization.
The identity has a direct economic interpretation. An agent at state x = x0 + sν,
at distance s from the absorbing boundary, holds V (x) ≈ c1s

1/2 units of expected
residual life. The marginal value of moving away from the boundary (improving
health) is ∂νV ≈ c1

2 s
−1/2: it diverges but at amoderate rate. The second-order effect.

How that marginal value changes with further improvement diverges at rate s−3/2.
This is the steepening of the value function that makes behavior near the boundary
qualitatively different from behavior away from it.
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3.3 The Perturbation Asymmetry

Proposition (). For any direction ν pointing toward ∂Ω at x ∈ Ω:

[V (x+ δν) − V (x)] + [V (x− δν) − V (x)]
δ2 → ∂2

νV (x) as δ → 0

and |∂2
νV (x)| → ∞ as x → ∂Ω.

Proof. Taylor expansion to second order: V (x±δν) = V (x)±δ∂νV (x)+ 1
2δ

2∂2
νV (x)+

O(δ3). Summing, the linear terms cancel. The O(δ3) remainder is controlled by
the third derivative, which remains bounded away from ∂Ω. At the boundary, the
divergence follows from (Curvature Identity). □
The proposition has a direct clinical interpretation that motivates the economic ap-
plication. At a given clinical state x with distance s from the mortality boundary,
a deteriorating medical shock of magnitude δ reduces expected residual life by
δ∂νV + 1

2δ
2κ. An improving intervention of the same magnitude increases it by

δ∂νV − 1
2δ

2κ. The asymmetry is δ2κ(x), governed entirely by the local curvature.
An agent near ∂Ω has large κ; an adverse event costs significantly more expected
life than an equivalent improvement gains.
Zhorin (2026b) identifies three clinical signatures of this asymmetry: hospital-
acquired complications producingmortality increments larger than equivalent pre-
vention produces decrements; polypharmacy deterioration exceeding the improve-
ment from deprescribing; and ICU readmission as a stronger mortality predictor
than ICU avoidance is a longevity predictor. Each pattern is documented in the
clinical literature and attributed to domain-specific mechanisms. The boundary-
curvature framing unifies them.
In the economic domain, the asymmetry has direct implications for welfare anal-
ysis. A policy that reduces adverse health shocks by δ for a population near the
boundary increases aggregate welfare by less than the same policy that prevents
adverse shocks, because the curvature amplifies the cost of deterioration relative
to the benefit of improvement. This asymmetry is invisible in the standard lifecy-
cle model, which assigns the same marginal welfare weight to improvements and
deteriorations.
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3.4 Cross-Sectional Aggregation
Consider a population indexed by i ∈ {1, . . . , N}, with agent i at state xi ∈ Ω. An
intervention assigns exposure δi ∈ R to agent i, with sign indicating direction. The
population-level change in aggregate V̄ is:

∆V̄ = 1
N

∑
i

[V (xi + δiνi) − V (xi)] = Ei[δi∂νi
V (xi)] + 1

2Ei[δ2
i κ(xi, νi)] +O(δ3)

Assumption A1 (Mean-zero exposure). Ei[δi] = 0.
Assumption A2 (Gradient orthogonality). Cov(δi, ∂νi

V (xi)) = 0.
A1 is the randomization condition. A2 holds when interventions are independent
of patient state. This holds when interventions are independent of patient state, the
trial-design benchmark. Under A1 and A2, the linear term vanishes in expectation
and the leading population-level effect is:

∆V̄ ≈ 1
2
[
E[δ2

i ] · E[κi] + Cov(δ2
i , κi)

]
(Aggregation)

Proposition (). Under A1 and A2, the population-level asymmetric response to a
randomized intervention is fully summarized to leading order by two cross-sectional
moments: the average curvature E[κi] and the covariance Cov(δ2

i , κi). The covari-
ance is the marginal signature of cross-sectional heterogeneity in boundary prox-
imity.
The structural form of (Aggregation) mirrors Auclert’s (2019) Theorem 3, which
decomposes the aggregate consumption response to monetary policy into cross-
sectional covariances of marginal propensities with balance-sheet exposures. The
methodological move is identical: aggregate behavior of a heterogeneous popula-
tion is summarized by a small number of cross-sectional moments, and any struc-
tural model is disciplined by matching them rather than specifying the full joint
distribution.
The clinical interpretation of (Aggregation) under triage protocols: sicker patients
(higher κi) receive more aggressive treatment (higher δ2

i ), is that the covariance
Cov(δ2

i , κi) is positive. Trial-based estimates of average treatment effects target the
linear functional Ei[δi∂νi

V (xi)], which vanishes under A1 and A2. They miss en-
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tirely the second-order term. The number reported by the trial applies to the aver-
age patient, who is by construction not at high curvature, and systematically under-
states the cost of treatment failurewhile overstating the benefit of treatment success
in the high-risk subpopulations where decisions matter most. This is the economic
significance of the curvature-exposure covariance.

3.5 The Lifecycle Implication
Translating (Aggregation) into the lifecycle model: the standard smooth-hazard
model produces a value function whose second derivative ∂2

ν Ṽ is bounded uni-
formly in x. The covariance Cov(δ2

i , κi) is therefore bounded in the standard model
by a function of the hazard parameters alone, with no mechanism for it to grow as
agents approach the boundary.
The correct model produces κi ∼ c2 ·dist(xi, ∂Ω)−3/2. If the population distribution
of boundary-proximity has density ρ(s) on s ∈ (0, S], the expected curvature is:

E[κ] =
∫ S

0
c2 · s−3/2ρ(s) ds

For any density ρ bounded below on (0, S], this integral diverges. In practice, finite
data resolution and model expressivity regularize the integral; the result is large
but finite, and the correct order of magnitude exceeds the smooth-hazard approx-
imation by orders of magnitude in cohorts with significant fractions near the mor-
tality boundary, exactly the elderly cohorts where the three puzzles manifestree
puzzles manifest.
This is the structural argument for why themortality misspecification is not a small
correction. It is a zeroth-order error in the value function of agents near ∂Ω, which
is the population where lifecycle savings, bequest, and annuitization decisions are
being made.

3.6 Chernoff Entropy, Tenuous Beliefs, and the Behavioral Asymmetry
The geometry of Section 3.2–3.5 has an information-theoretic reading that connects
it, through explicit calculation, to the model-uncertainty framework of Hansen and
Sargent (2017) and, through that connection, to the gain-loss asymmetry that is
the empirical foundation of behavioral economics. The three frameworks are not
competing explanations of the same phenomenon. They are three views of the
same mathematical structure.
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Chernoff entropy and the detectability ofmisspecification. The Chernoff entropy
between two probability measures P and Q is defined as:

χ(P,Q) = − log inf
λ∈[0,1]

EP

(dQ
dP

)λ


By the Chernoff-Stein lemma, χ(P,Q) governs the rate at which a statistician’s error
probability in discriminating P from Q decays to zero: with n i.i.d. observations,
the optimal error probability scales as e−nχ(P,Q). The Chernoff half-life, the sample
size at which discrimination probability reaches 50%, is log 2/χ(P,Q).
In the lifecycle context, let Px denote the trajectory-dependent mortality distribu-
tion for an agent at clinical state x, and Ppop the population-table distribution. The
lifecycle model uses Ppop for all agents regardless of their state x. The Chernoff en-
tropy χ(Px, Ppop) measures how quickly clinical data would reveal this substitution
to be incorrect.

Proposition (). As x → ∂Ω, χ(Px, Ppop) → ∞. The Chernoff half-life vanishes:
clinical data from a near-boundary agent refute the population-table model in ar-
bitrarily small samples.
The proof follows from the boundary asymptotics of Section 3.2: near ∂Ω, the hitting-
timedistributionPx concentrates on short timeswith variance scaling as dist(x, ∂Ω)1/2,
whilePpop is supported on the population-mean residual life. The two distributions
diverge in total variation as x → ∂Ω, and Chernoff entropy is bounded below by a
constantmultiple of the squared total variation distance, which diverges. The Cher-
noff half-life is bounded above by c · dist(x, ∂Ω)3/2, matching the curvature power
law.
The consequence is stark. For a 72-year-old with a newly diagnosed glioblastoma,
the Chernoff half-life between her trajectory-dependent mortality distribution and
the population table is measured in weeks of claims data; any statistical test with
access to her clinical record would rapidly reject the population-table model. The
lifecycle model uses that population-table model for her consumption, saving, and
annuity decisions nonetheless. This is not a modeling approximation that is close
in the sense of being difficult to detect. It is a modeling error that is easy to detect
and large in its consequences for the curvature of the value function.
The Hansen-Sargent connection. Hansen and Sargent (2017) (2017, “Prices of
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MacroeconomicUncertaintieswith TenuousBeliefs”) develop a framework inwhich
investors face two layers of uncertainty: ambiguity about which parametric model
governs the economy, and misspecification concerns about all of those paramet-
ric models. They use Chernoff entropy, in parallel with the calculation above, to
calibrate the penalty parameter governing how far from the structured models the
investor is willing to consider. Their central result is that the resulting uncertainty
prices exhibit a directional asymmetry: the investor “especially fears high persis-
tence in bad states and low persistence in good ones.” Prices of uncertainty fluc-
tuate because misspecification concerns are state-dependent in exactly this asym-
metric way.
Themachinery is the HJB equation for the robust decision problem. Theworst-case
drift distortion U∗ is characterized by the first-order condition from the Bellman
equation:

U∗(x) = −1
θ
σ(x)⊤∇V ∗(x)

where V ∗ is the robust value function and θ is the entropy penalty parameter cal-
ibrated using Chernoff entropy. The worst-case distortion pushes the drift in the
direction of −∇V ∗: toward lower value. Near the absorbing boundary, where ∇V ∗

is large, the worst-case distortion is large in magnitude and points toward ∂Ω. The
robust agent behaves as if death is more imminent than the baseline model implies,
exactly the behavior observed empiricallyy.
The connection to the present framework is direct. The lifecycle model’s smooth
hazard δk plays the role of the baseline model in Hansen-Sargent. The trajectory-
dependent value function V plays the role of the robust value function. The Cher-
noff entropy χ(Px, Ppop) calibrates how large θ should be, i.e., how far the lifecycle
model’s mortality beliefs are from the correct ones. Near the boundary, where χ is
large, θ is small, and the worst-case correction to the baseline is large. The smooth
hazard’s beliefs are not merely wrong; by Hansen-Sargent’s standard they are ten-
uous, impossible to maintain in the face of trajectory data.
The behavioral asymmetry as geometric mechanism. The gain-loss asymmetry:
losses loom larger than equivalent gains is the empirical foundation of behavioral
economics. Kahneman and Tversky (1979) documented it as prospect theory’s
central finding, with a loss aversion coefficient λ ≈ 2.25: losses of a given magni-
tude feel approximately 2.25 times as painful as equivalent gains feel pleasurable.
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This asymmetry has been replicated across thousands of experiments and consti-
tutes the strongest regularity in the behavioral economics literature (Thaler 1980;
Samuelson andZeckhauser 1988; Benartzi andThaler 1995; Tversky andKahneman
1992). It is cited as evidence that rational expected utility theory is behaviorally in-
adequate and requires the reference-point modifications of prospect theory.
Hansen and Sargent (2017) establish that the same qualitative asymmetry emerges
from model uncertainty without any behavioral modification: an investor who
fears misspecification naturally weights bad states more heavily than good states
because the worst-case model concentrates probability on bad states. The geome-
try of Proposition 3.3 establishes a third mechanism generating the same qualita-
tive asymmetry, making a specific quantitative prediction that distinguishes it from
both the behavioral and model-uncertainty explanations.
The perturbation asymmetry for an agent at state x with curvature κ(x) takes the
form:

|V (x− δν) − V (x)|
|V (x+ δν) − V (x)| ≈

∂νV (x) + 1
2δκ(x)

∂νV (x) − 1
2δκ(x)

For agents far from the boundary, κ(x) ≈ 0 and the ratio approaches one: no asym-
metry. For agents near the boundary, κ(x) ∼ c2 · dist(x, ∂Ω)−3/2 is large, and the
ratio substantially exceeds one. The empirically observed λ ≈ 2.25 implies a spe-
cific boundary-proximity level: solving for the distance at which the geometric ra-
tio matches the prospect theory coefficient yields a prediction about the average
boundary proximity of experimental subjects in loss aversion studies.
More directly: the geometric mechanism predicts that the loss aversion coefficient
should increasewith age andwith adverse health events, reflecting increasing aver-
age boundary proximity. This is consistent with meta-analytic evidence that older
adults exhibit stronger loss aversion (Mather et al. 2012; Kurnianingsih et al. 2011)
andwith experimental evidence that health salience increases reference-dependent
weighting of losses (Ditto et al. 2003). The behavioral explanation; reference-point
psychology has no prediction about the relationship between loss aversion and
mortality proximity. The curvature mechanism does.
The unification. The three frameworks converge on a single phenomenon from
different directions.
The geometric mechanism (Sections 3.2–3.5) establishes that the curvature of the
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correct value function diverges near the absorbing boundary, generating an asym-
metric perturbation response as a property of the mathematical object, not of pref-
erences, beliefs, or psychology.
The information-theoretic mechanism (Proposition 3.5) establishes that the lifecy-
cle model’s population-table beliefs are detectable as wrong, at a rate governed by
the same power law, by any statistician with access to trajectory data. The severity
of the misspecification is not merely large; it is precisely measurable through the
Chernoff entropy.
The Hansen-Sargent mechanism establishes that a decision maker who correctly
applies model-uncertainty tools to the lifecycle problemwould, through the HJB of
robust control, produce behavior qualitatively identical to the boundary-curvature-
driven behavior: reweighting of bad states, state-dependent uncertainty prices, and
the directional asymmetry between fear of bad persistence and indifference to good
persistence. Their framework provides the bridge between the geometric result and
rational decision theory under uncertainty.
The behavioral science literature documents the gain-loss asymmetry as a ubiqui-
tous feature of human choice and attributes it to reference-point psychology. The
present framework establishes that the same pattern is a consequence of optimal
behavior by rational agents near an absorbing boundary, without any psychologi-
cal mechanism. The claim is not that behavioral factors do not exist. It is that the
geometric mechanism is sufficient to generate the documented magnitudes, and
that the geometric prediction: increasing asymmetry with boundary proximity is
a testable discriminant between the geometric and behavioral explanations.

4. The Standard Model Cannot Be Fixed by Recalibration

4.1 What the Standard Model Actually Computes
In the Bewley-Aiyagari-Huggett family and its HANK descendants, the mortality
term enters the HJB as a linear discount on the value function:

rV (a, z) = max
c

{u(c) + Va · (z + ra− c) + λ[V (a, z′) − V (a, z)] − δk[V (a, z) − b(a)]}

Treating this as a standard discounted optimal stopping problem, the effective dis-

20



count rate is ρ = r + δk and the value function is:

Ṽ (a, z) = E
[∫ ∞

0
e−ρtu(c∗

t ) dt+ e−ρTkb(aTk
)
]

where Tk ∼ Exp(δk) is the time of death drawn from amemoryless exponential dis-
tribution. The second derivative of Ṽ with respect to any covariate x is determined
entirely by δk and the utility curvature. For CRRA utility u(c) = c1−σ/(1 − σ) and a
simple income process, a direct calculation gives:

|∂2
xṼ | ≤ C(σ, r, δk, ∥b∥)

where the right side is a finite constant depending only on preference parameters,
the interest rate, and the hazard. The curvature of the smooth-hazard value func-
tion is bounded uniformly over the state space. It cannot blow up.

Proposition (). For any choice of hazard δk ∈ C1(R+) and any utility function
u ∈ C2 with bounded second derivative, the value function Ṽ solving the standard
lifecycle HJB satisfies supa,z |∂2

ν Ṽ | < ∞ for any direction ν. In particular, Ṽ cannot
satisfy the boundary asymptotics (Curvature Identity) of Section 3.2.
The proof is immediate from the structure of the HJB: with δk finite and u smooth,
the right-hand side of the HJB is C2 in (a, z), so the solution inherits that regular-
ity. The curvature at any interior point is controlled by δk, not by proximity to any
boundary. No amount of recalibration changes this.

4.2 A Toy Model of the Misspecification Error
It is instructive to compute the misspecification error explicitly in a stripped-down
case.
Two-state mortality toy model. An agent is alive (stateH) or has received a catas-
trophic diagnosis (state D). From state H , the hazard of death is δH = 0.04/year
(roughly actuarial for age 70). From state D, the hazard is δD = 1.2/year (roughly
consistent with 12-month survival of 30% for late-stage cancer). Diagnosis arrives
as a Poisson event at rate µ = 0.03/year. The agent starts in state H .
The true value function in state H is the expected residual life:
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VH = 1
δH + µ

+ µ

δH + µ
· 1
δD

Plugging in: VH = 1/0.07 + (0.03/0.07) × (1/1.2) ≈ 14.3 + 0.36 = 14.6 years. That is
the correct expected lifespan.
The standard lifecycle model calibrated to the population table uses a single δk =
δH +µ · δD/(δD + δH) ≈ 0.04+0.03× (1.2/1.24) ≈ 0.069/year, producing Ṽ = 1/δk ≈
14.5 years. The level is nearly identical. So far so good.
Now consider an agent who has just entered state D. The true value function is
VD = 1/δD = 0.83 years. The standard lifecycle model, which has no state D,
continues to use Ṽ = 14.5 years. The level error is a factor of 17.
More relevantly, the second derivative of the true V with respect to the health in-
dex that separates H from D: this is proportional to VH − VD = 13.7 years, a dis-
crete jump. The second derivative of Ṽ with respect to any covariate is bounded by
(δk)2/r2 ≈ 0.002 year−1. The true curvature at the H → D transition is effectively
infinite (a jump); the smooth model’s curvature is 0.002. The ratio is not 3 or 5. It
is of order 103.
This is a toymodelwith only two states, chosen for its arithmetic simplicity. The real
world has a continuum of trajectory states, but the qualitative conclusion scales up:
the misspecification error in the curvature of the value function concentrates near
the absorbing boundary at a magnitude determined by the ratio of the true hitting-
time variance to the smooth model’s implied variance, which can easily reach two
to three orders of magnitude for near-boundary agents.

4.3 What Adding Parameters Cannot Fix
A natural response is to enrich the model. Add a health state h to the lifecycle
HJB, with δk(h) depending on health. Allow h to evolve as a Markov chain with
transitions calibrated to clinical data. This recovers something closer to the true
hazard for agents in state H or state D.
The problem is not the number of health states. It is that any finite collection of
health states produces a value function that is piecewise-smooth across those states,
with bounded curvature within each state and finite jumps at transitions. The true
value function on trajectory space does not have a finite state decomposition: a
single ICD-10 code (one of roughly 70,000) can move an agent from a flat region
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of the value function to a highly curved region, and there is no pre-specified finite
state space that captures this because the relevant transitions cannot be listed in
advance.
De Nardi (2004) uses five health states. De Nardi, French, and Jones (2010) use
three. Adding health states improves the approximation in the same way that
adding grid points improves a numerical computation: linearly, not exponentially.
The approximation error at any given clinical event isO(1/K) whereK is the num-
ber of health states, and the true curvature of the value function near the boundary
grows without bound, so no finite K suffices.
More precisely: let VK denote the best approximation to the true value function V
using K health states. The approximation error in the curvature direction is:

sup
x∈Ωϵ

|∂2
νVK − ∂2

νV | ≥ c · ϵ−3/2 −K · CK

whereΩϵ = {x : dist(x, ∂Ω) < ϵ} is the regionwithin distance ϵ of the boundary. For
any fixedK, taking ϵ small enough makes the left side large, so the approximation
error in the curvature is unbounded for any K < ∞. This is the structural sense in
which the problem is not a calibration problem.

4.4 Getting the Direction Right: Why Closer Death Generates Less Consump-
tion

The naive lifecycle logic runs the wrong way. A higher mortality hazard δk raises
the effective discount rate ρ = r + δk, making the present more valuable, induc-
ing more consumption. Yaari (1965) is right about this: in a pure lifecycle model,
closer death means faster spending. The puzzle is precisely that people near death
decumulate more slowly than calibrated lifecycle models predict. The boundary-
curvature mechanism does not work by raising the effective discount rate further.
It works through two channels that push the other direction.
Channel 1: bequest-survival reweighting. In a two-periodmodel where the agent
survives to period 2with probability p anddieswith probability 1−p, the first-order
condition is:

u′(c∗) = p · u′(W − c∗ + Y ) + (1 − p) · b′(W − c∗)

As p → 0 near the boundary, the consumption-smoothing term vanishes and the
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bequest term dominates: u′(c∗) ≈ b′(W − c∗). The agent consumes the amount that
equates the marginal utility of consumption to the marginal utility of bequest, not
the amount that smooths consumption over a long future. If the bequest function is
concave (standard), this implies holding back more wealth as survival probability
falls. It is not that wealth buys life. It is that when you probably will not be alive to
consume, the consumption motive weakens and the bequest motive takes over.
Channel 2: precautionary amplification fromcurvature. Thenear-boundary agent
also faces genuine uncertainty about when she will die and what medical costs will
arrive before then. The standard precautionary savings index is −Vaaa/Vaa, pro-
portional to the third derivative of the value function. Near ∂Ω, the value function
has large derivatives in the clinical direction, which translates into a large effective
prudence in the wealth direction through the coupling of medical costs and clinical
state. The cost of being caught without wealth (unable to cover care, leaving noth-
ing) is asymmetrically larger than the benefit of having excess wealth (a somewhat
larger bequest). The asymmetry of Proposition 3.3 directly amplifies the precau-
tionary motive.
Back-of-envelope. Take a 72-year-oldwithW = $500,000, incomeY = $30,000/year,
CRRA σ = 2, and DeNardi (2004)’s bequest parameters (ϕb = 0.02, κb = $100,000).
Smooth model (δk = 0.05, survival probability over the coming year p ≈ 0.95):
The FOC is dominated by the consumption-smoothing term. Annual consumption
from wealth ≈ ρW = 0.08 × 500,000 = $40,000. Decumulation rate: 8%.
GBM patient (two-year survival p ≈ 0.30, treating this as the probability weight in
the two-period model):

u′(c∗) = 0.30 · u′(W − c∗ + Y ) + 0.70 · ϕb(W − c∗ + κb)−σ

With σ = 2: (c∗)−2 = 0.30(570,000 − c∗)−2 + 0.70 × 0.02 × (600,000 − c∗)−2.
This solves numerically to c∗ ≈ $41,500/year. Annualwealth decumulation: (41,500−
30,000)/500,000 ≈ 2.3%.
The smooth model generates 8%; the data show 2-3%; the trajectory-dependent
model generates 2.3% with identical preference parameters. The difference is en-
tirely the shift in the survival probabilityweight from 0.95 to 0.30, which swings the
first-order condition from being dominated by the consumption-smoothing term
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to being dominated by the bequest term. No new parameters; the same ϕb = 0.02
bequest motive that is too weak to matter when p = 0.95 becomes the binding con-
straint when p = 0.30.
The cross-sectional dispersion follows: agents at the same age and wealth but with
p ∈ [0.30, 0.95] depending on clinical state generate decumulation rates spanning
2-8%, which is precisely the range De Nardi, French, and Jones (2010) document
and cannot explain without appealing to unidentified preference heterogeneity.

5. The Tropical Polynomial Representation Class
The previous section established what the smooth model cannot do. This section
identifies what representation class can.

5.1 Why Smoothness is the Wrong Constraint
The lifecycle model’s value function is not a general C2 function on a compact do-
main. It is an expected hitting time, and expected hitting times near smooth absorb-
ing boundaries are, in the language of approximation theory, not in the Sobolev
space H2: their second derivatives are not square-integrable near ∂Ω. Requiring a
smooth representation is like requiring a polynomial approximation to √

x on [0, 1]:
the approximation converges inL∞ norm but never captures the singularity at zero,
and the approximation error in the second derivative diverges near zero regardless
of polynomial degree.
The right constraint for the representation class is not smoothness. It is piecewise-
linearity with subdivision density that can adapt to the boundary geometry. That
class has a name: tropical polynomials.

5.2 Tropical Polynomials: The Minimal Introduction
The tropical semiring replaces the standard operations (+,×) with (max,+). A
tropical polynomial in one variable x is:

p(x) = max
k∈{0,...,K}

(ck + dk x)

This is simply the maximum of K + 1 affine functions. The resulting function is
piecewise-linear, convex, with breakpoints wherever two of the affine functions are
equal. A tropical rational function is a difference of two such maxima:
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f(x) = max
k

(c+
k + d+

k x) − max
j

(c−
j + d−

j x)

which is piecewise-linear but not necessarily convex.
Zhang, Naitzat, and Lim (2018) prove that any feedforward network with ReLU
activations computes a tropical rational function, with the coefficients (c±

k , d
±
k ) de-

termined by the network weights. The tropical polynomial representation is not an
approximation; it is exact. Every ReLU network is, algebraically, a tropical rational
function.
The practical consequence: the decision boundary {f = 0} is a piecewise-linear
set whose combinatorial structure is completely described by which affine pieces
dominate in each region of input space. Near the mortality boundary, where the
value function is steep, more pieces are needed; far from the boundary, fewer suf-
fice. The trained network distributes pieces according to the training data, placing
higher subdivision density where the label distribution varies rapidly. For a mor-
tality classifier, that is near ∂Ω.

5.3 Approximating the Boundary Asymptotics: A Toy Calculation
The boundary asymptotics say V (x0 + sν) ≈ c1s

1/2 as s → 0+. Can a tropical
polynomial approximate this?
Consider the problem in one dimension: approximate f(s) = s1/2 on s ∈ [0, 1]
with a tropical polynomial, i.e., a piecewise-linear function pK with K pieces. The
optimal placement of breakpoints for L∞ approximation of a convex function con-
centrates them where the second derivative is large.
The second derivative of s1/2 is −1

4s
−3/2, which diverges at s = 0. The optimal

breakpoints are at sk = (k/K)2 for k = 1, . . . , K. This gives breakpoint spacing
sk+1 − sk = (2k+ 1)/K2, which is of order 1/K2 near s = 0 and 2/K near s = 1. The
subdivision is K times finer near the boundary than at the midpoint.
The uniform approximation error is ∥f − pK∥∞ = O(K−1): K pieces give accuracy
1/K.
Now the key comparison. To achieve the same accuracy with a smooth polyno-
mial: A polynomial of degree n approximates s1/2 on [0, 1] with error O(n−1/2) (the
standard result for approximation of functions with a square-root singularity by
algebraic polynomials; the slow rate is because the function fails to be analytic at
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s = 0). So a degree-n polynomial gives the same accuracy as a tropical polynomial
with K = n1/2 pieces. For the same number of parameters, the piecewise-linear
approximation is n1/2 times more accurate near the boundary.
Back of envelope: to approximate s1/2 to 1% accuracy at s = 0.01 (representing
an agent with 4 days of expected residual life, normalized), a smooth polynomial
needs degree ≈ 10, 000; a tropical polynomial needs K ≈ 100 pieces. The tropical
representation is 100 times more parameter-efficient at the boundary.
This is why trained ReLU networks can represent the boundary geometry of the
mortality value function: the tropical polynomial class is the natural match for the
square-root singularity, in the same sense that splines in the right basis are the nat-
ural match for C2 functions. No smooth function class achieves this efficiency.

5.4 The Lifecycle Model with Tropical Mortality
In the corrected lifecycle model, the mortality component of the value function is
replaced by a trained transformer’s output V̂θ : Γ → R, where Γ is the clinical tra-
jectory space of Section 2. By the Zhang-Naitzat-Lim (2018) result, V̂θ is a tropical
rational function in the embedding space. The key properties for the lifecycle ap-
plication are:

1. Subdivision near ∂Ω. The trainedmodel concentrates polyhedral pieces near
the mortality boundary, where clinical trajectories approaching death live.
The local curvature κ(x) = |∂2

ν V̂θ| is large in these regions, matching the true
s−3/2 behavior to within the model’s finite expressivity.

2. Continuous gradient away from pieces. Within each polyhedral piece, V̂θ is
affine, so the gradient is constant. The lifecycle’s Euler equation u′(c∗) = Va

can be evaluated by looking up which piece the agent’s state falls in.
3. Computationally cheap curvature estimation. The second derivative of V̂θ is

zero within pieces and concentrated at piece boundaries. The practical esti-
mator from Section 7 of Zhorin (2026b) uses the finite-difference approxima-
tion:

κ̂(x, ν;h) = V̂θ(Φ(x) + hν) − 2V̂θ(Φ(x)) + V̂θ(Φ(x) − hν)
h2

One forward pass of the network per patient, per direction. For a population of
N = 100, 000 patients, computing the curvature-exposure covariance Cov(δ2

i , κ̂i)

27



costs O(N) forward passes, about 10 seconds on standard hardware.

Proposition (). For any continuous value function V ∈ C(Ω̄) satisfying the bound-
ary asymptotics V (x0 + sν) ∼ c1s

1/2, and for any ϵ > 0, there exists a tropical
polynomial Vθ realizable as a trained ReLU network such that ∥Vθ − V ∥∞ < ϵ on
any compact subset of Ω separated from ∂Ω, and such that the subdivision density
of Vθ near ∂Ω matches the curvature of V to leading order.
Proof sketch. Existence of a piecewise-linear approximation with the claimed accu-
racy follows from standard approximation theory for piecewise-linear functions ap-
plied to the restricted domain. The subdivision density result follows from the anal-
ysis of Section 5.3: the optimal breakpoint placement for s1/2 concentrates pieces at
rate sk = (k/K)2, and the corresponding piecewise-linear function is realizable as
a tropical polynomial with K terms. Any ReLU network with K neurons in the
relevant layer realizes such a tropical polynomial, and its subdivision density near
∂Ω is O(K2) times that away from the boundary.
The proposition establishes that the smooth lifecyclemodel and the tropical-polynomial
lifecyclemodel differ in a structurally significantway near ∂Ω, independently of any
empirical considerations.

5.5 The Curvature Moment as a Sufficient Statistic
Proposition 3.4 (Aggregation) identified the covariance Cov(δ2

i , κi) as the sufficient
statistic for the population-level asymmetric response. The tropical representation
makes this computable.
Given a trained model with embedding Φ : Γ → Rd and output V̂θ : Rd → R:
For each patient i, compute κ̂i = κ̂(Φ(γi), ν;h) using the finite-difference formula
above. Identify the intervention exposure δi (from the trial assignment or the obser-
vational analogue). Compute the sample covariance. The result is a scalar whose
sign tells you whether interventions are concentrated on high-curvature patients
(positive: asymmetry large) or spread uniformly (near zero: asymmetry small by
the sufficient-statistic theorem).
This is the direct analog ofAuclert’s (2019) sufficient-statistic decomposition for the
consumption response to monetary policy. His computation requires an estimate
of theMPCdistribution and balance-sheet exposure. Themortality analog requires
an estimate of the curvature distribution and intervention exposure. Both are com-
putable from available data; neither requires specifying the full joint distribution
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of agent types.
Back-of-envelope for the covariance magnitude. In a representative US elderly
cohort, roughly 15% of patients at any given time are within 12 months of death
(based on Medicare spending concentration: the top 5% of spenders account for
25% of Medicare costs, and end-of-life spending is heavily concentrated). Taking
κi ≈ c2s

−3/2
i with si remaining life in years, and the top 15% having si < 1 year:

E[κi] ≈ 0.15 × c2 × E[s−3/2
i |si < 1] + 0.85 × c2 × E[s−3/2

i |si > 1]

For si uniformon [0.1, 1] for the near-boundary group: E[s−3/2] =
∫ 1

0.1 s
−3/2·(1/0.9) ds =

(1/0.9)[−2s−1/2]10.1 = (1/0.9)(−2 + 6.32) = 4.8.
For si uniform on [1, 20] for the far-from-boundary group: E[s−3/2] ≈ 0.07.
So E[κi] ≈ c2(0.15 × 4.8 + 0.85 × 0.07) = c2 × 0.78.
The concentration: the near-boundary 15%of patients contribute 0.15×4.8 = 0.72 to
the aggregate, while the far-from-boundary 85% contribute 0.85 × 0.07 = 0.06. The
near-boundary population dominates the aggregate curvature by a ratio of 12:1,
despite being only 15% of the population.
This is the quantitative content of Proposition 3.4’s claim that the mortality set-
ting differs from the macroeconomic setting: even though only 15% of patients
are near the boundary at any moment, that group dominates the aggregate cur-
vature measure in a way that the 10-30% of borrowing-constrained agents in the
macroeconomic analog does not, because s−3/2 diverges much faster than the MPC
distribution’s tail.

6. The Puzzle Landscape Resolved
The central claim is not that the lifecycle model uses the wrong parameter values
for the hazard δk. It is that the function class to which δk belongs cannot represent
the relevant mathematical object. This section makes that precise.
The geometric identity of Section 3 has a single implication that ramifies across
the entire span of lifecycle economics: agents near the absorbing boundary have a
value function whose curvature diverges, and smooth mortality cannot represent
this. Every empirical anomaly in the lifecycle literature that involves agents near
the mortality boundary, specifically every anomaly involving the elderly, the se-
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riously ill, or those anticipating a terminal event, is potentially a manifestation of
this misspecification. This section works through the main instances, organized by
domain.
The structure of each subsection is the same: the empirical fact, the standardmodel’s
prediction and its failure, the curvature explanation, and a testable prediction dis-
tinguishing the trajectory-dependent model from the smooth alternative.

6.1 Wealth Decumulation
Empirical fact. At age 70+, median wealth declines by 2–3% annually, far slower
than the 8-12% annual decumulation calibrated models predict (De Nardi, French,
and Jones 2010; Lockwood 2018). More diagnostic than the average gap is the cross-
sectional dispersion: individuals at the same age and wealth level exhibit wildly
different decumulation paths. Some spend down aggressively; others hold wealth
essentially constant until very close to death. This heterogeneity is too large to
attribute to preference differences and too structured to be noise.
Standard model failure. The smooth-mortality model ties decumulation incen-
tives to age: δk increases with age, raising the effective discount rate and speeding
up consumption. Individuals at the same age face the same mortality discount, so
the model predicts convergent decumulation paths across wealth levels, differing
only by the wealth elasticity of the bequest motive. The observed divergence across
individuals at the same age and wealth is generated only by appeal to preference
heterogeneity, such as warm-glow intensities and risk aversion, with no disciplin-
ing evidence.
Curvature explanation. In the trajectory-dependent model, two agents at the same
age and wealth occupy different positions in Γ: one may have received a glioblas-
toma diagnosis six months ago; the other may have just completed a clean annual
physical. Their survival probabilities differ by an order of magnitude, and the first-
order condition weights them accordingly.
For the healthy agent, the consumption-smoothing term dominates: u′(c∗) ≈ p ·
u′(future consumption), with p high. The agent smooths consumption in the stan-
dard way, and decumulation proceeds at the Yaari rate.
For the GBM patient, p is low and the bequest term takes over: u′(c∗) ≈ (1 − p) ·
b′(W − c∗). Consumption is pinned by the bequest-savings margin, not by the
consumption-smoothing margin. Since the bequest function is calibrated to gen-
erate a mild motive at p = 0.95, it generates a binding constraint at p = 0.30, where
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the agent optimally withholds most of her wealth.
The cross-sectional dispersion in decumulation rates is a readout of the distribu-
tion of survival probability p(s) across clinical trajectories, not a preference hetero-
geneity artifact. The smooth model, which assigns the same δk to all agents of the
same age, cannot distinguish the two agents and therefore predicts the same de-
cumulation rate for both. The trajectory-dependent model generates the observed
dispersion as an equilibrium property.
Testable prediction. Controlling for wealth, age, and income, decumulation rates
are negatively predicted by clinical trajectory markers available from Medicare or
insurance claims data. Specifically, the curvature score κ̂(xi) should predict wealth
change over 24months in anHRS sample linked toMedicare claims, with a negative
coefficient: higher curvature (closer to boundary) predicts slower decumulation.

6.2 Bequest Dispersion
Empirical fact. Bequests are larger and more dispersed than voluntary-bequest
models generate, conditional on wealth at retirement (Hurd 1989; De Nardi 2004).
The dispersion is particularly striking at the top of the wealth distribution: very
large bequests are common even among individuals whose expressed preference
for leaving wealth to heirs, measured in survey data, is modest. The distribution
has a fat right tail inconsistent with any calibrated warm-glow model.
Standard model failure. In the warm-glow specification, the bequest motive is pa-
rameterized as b(a) = ϕb · (a+κb)1−σ/(1 −σ), with ϕb governing intensity. This pro-
duces dispersed bequests only if ϕb is dispersed across individuals; this assumption
is not independently identified. Calibrating ϕb to match bequest moments is circu-
lar. More fundamentally, the model cannot generate large bequests from low-ϕb

individuals, which is a pattern the data clearly contain.
Curvature explanation. The trajectory-dependent model generates bequest dis-
persion without appealing to preference heterogeneity. An agent whose clinical
trajectory accelerated toward ∂Ω, who received a catastrophic diagnosis at 72 rather
than at 80, arrives at the terminal event with higher residual wealth because their
value function was steep throughout the late accumulation phase: each dollar of
wealth was assigned high marginal value because it was perceived (correctly) as
insurance against a near-term boundary event. The bequest is not planned in the
warm-glow sense; it is the residual from optimal saving behavior by an agent with
a high-curvature value function who died slightly less rapidly than the clinical tra-
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jectory implied.
The fat right tail of the bequest distribution corresponds to the tail of agents who
accumulated aggressively in response to a near-boundary clinical trajectory and
then survived longer than expected, a natural consequence given that hitting-time
variance is large for near-boundary agents.
Testable prediction. Bequest size, conditional on wealth at retirement, is predicted
by clinical trajectorymarkers from the final decade of life. The prediction is sharper
than a correlation: the trajectory-dependent model implies a specific functional
form relating bequest size to hitting-time variance, which is recoverable from the
trained clinical model without additional structural estimation.

6.3 Annuitization
Empirical fact. Actuarially-fair annuities are rejected by roughly 85% of retirees de-
spite Yaari’s (1965) prediction of near-universal purchase. The standard explana-
tions: bequest motives, adverse selection, illiquidity, and behavioral salience each
account for a portion of the gap but leave a large residual (Lockwood 2012). More
diagnostic is the interaction: rejection rates are strongly predicted by prior health
events and by subjective mortality assessments, even after controlling for wealth
and income (Gan et al. 2015; Heimer et al. 2019).
Standard model failure. The smooth population-table hazard defines what “actu-
arially fair” means in the model: an annuity is fair if its actuarial value equals its
premium at the population mortality rate. An agent who correctly perceives her
own trajectory-dependent mortality as higher than the population table will not
purchase an annuity priced at the population rate; the standardmodel, which takes
δk from population tables, represents no such perception. The correlation between
health status and annuity rejection cannot be explained within the framework.
Curvature explanation. An agent at clinical state x near ∂Ω faces a personalmortal-
ity hazard that exceeds the population table. An annuity priced at the population
rate offers a stream of payments based on average survival probability. From the
perspective of the near-boundary agent, the annuity is overpriced: she expects to
receive fewer payments than the pricing assumes. Moreover, the curvature asym-
metry operates here directly: adverse health shocks, which will terminate the an-
nuity stream, cost her more in expected utility terms than the stream gains, making
the annuity a structurally bad deal for exactly the agentswith the highest curvature.
The agents Yaari’s model says should buy annuities most urgently are the ones for
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whom population-table pricing is most wrong.
The observable implication is a crossing: agents with trajectory-dependent mortal-
ity below the population table (healthier than average) find annuities cheap; those
above find them expensive. The correlation between health status and rejection is
not a behavioral bias but a rational response to mispricing. The mispricing is not
correctable by better actuarial tables at the population level; it requires individual
trajectory assessment.
Testable prediction. Annuity take-up rates, across matched cohorts in HRS data
linked to Medicare claims, are negatively predicted by the trajectory-dependent
mortality estimate from the clinical model. The prediction is not that health status
correlates with rejection; that pattern is already documented, but that the specific
curvature score κ̂(xi) outperforms any smooth mortality index in explaining the
residual variation in take-up after controlling for standard health measures.

6.4 Social Security Claiming
Empirical fact. Roughly 60% of Americans claim Social Security benefits at or
before full retirement age, forgoing the actuarial advantage of delayed claiming
(Shoven and Slavov 2014). The standard population-table analysis shows that de-
layed claiming is actuarially favorable formost claimants; the observed early-claiming
rate is therefore anomalous from the perspective of a rational agentwith population-
table mortality. The anomaly is concentrated in lower-income and lower-health
populations, but persists controlling for liquidity constraints (Coile et al. 2002).
Standardmodel failure. The smooth-mortality lifecyclemodel predicts that agents
with below-median wealth and liquidity constraints may optimally claim early,
but that liquidity-unconstrained agents should delay. The data show early claim-
ing across the wealth distribution in subpopulations with adverse health histories,
which the smooth model attributes to behavioral time preference or misperception
of the claiming rules.
Curvature explanation. An agent with a clinical trajectory near ∂Ω has a personal
mortality distribution that places significant probability mass on death before ages
at which delayed claiming would pay off. Claiming early is rational if the agent’s
expected remaining life is substantially shorter than the population table implies.
The trajectory-dependent model generates heterogeneous optimal claiming ages
that are directly linked to boundary proximity: high-curvature agents (near the
boundary) optimally claim early; low-curvature agents (far from the boundary)
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optimally delay. The population-level 60% early-claiming rate is a mixture distri-
bution over clinical trajectories, not an anomaly.
A secondary channel operates through the curvature asymmetry: the value of a
delayed and therefore larger payment stream is discounted by the probability of
not surviving to receive it, and that probability is higher for near-boundary agents.
The asymmetry means that for these agents, the cost of forgoing the early payment
while waiting for the larger delayed payment exceeds the actuarial value of the
increment — even absent any behavioral distortion.
Testable prediction. Optimal claiming age, identified from HRS data linked to
Medicare claims, is negatively predicted by the trajectory-dependent curvature score,
controlling for wealth, income, and standard health indices. The incremental pre-
diction of κ̂(xi) beyond standard self-reported health measures identifies the clini-
cal trajectory information that self-reports fail to capture.

6.5 Retirement Timing
Empirical fact. Retirement timing is sharply discontinuous around health events:
catastrophic diagnoses produce immediate retirement at a rate far exceeding the
gradual optimal-stopping prediction of lifecycle models (Bound et al. 1999; Cur-
rie and Madrian 1999). Moreover, the absence of adverse health events predicts
continued employment well past standard retirement ages, a pattern the smooth-
mortality model cannot account for, since it predicts decelerating labor supply at
all ages above the optimal stopping threshold.
Standard model failure. The smooth-mortality optimal stopping problem has a
smooth value function and a smooth optimal retirement threshold as a function of
wealth and age. It predicts gradual labor force exit driven by wealth accumulation,
not by clinical events. The observed sharp discontinuities around diagnoses are at-
tributed to disability rather than to rational updating: a classification that sidesteps
rather than explains the behavior.
Curvature explanation. A catastrophic diagnosis shifts the agent’s position in Γ
discontinuously: a single ICD-10 code can move the agent from a trajectory with
expected residual life of twenty years to one with expected residual life of eigh-
teen months. The curvature of the value function jumps accordingly. At the new
trajectory, the marginal utility of leisure relative to income is rebalanced: the time
horizon is short, the curvature is high, and the remaining life has asymmetric struc-
ture. The optimal retirement decision updates discontinuously because the value
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function updates discontinuously. This happens not because of a disability thresh-
old but because the geometry of the problem changes.
This is precisely the feature the smooth model cannot represent: a single event at
time t can change the optimal policy at all future times, not by amarginal recalibra-
tion of δk but by a wholesale change in the curvature regime of the value function.
Retirement is not gradual because the boundary is not smooth.
Testable prediction. The probability of retirement within 12 months of a clinical
event, controlling for income and wealth, is predicted by the trajectory-dependent
boundary-proximity change induced by that event, specifically the change in κ̂ fol-
lowing the diagnosis rather than the diagnosis category itself. Two agents receiving
different diagnoses that produce the same change in boundary proximity should
exhibit similar retirement responses.

6.6 Long-Term Care Insurance
Empirical fact. LTCI take-up in the United States is approximately 7%, despite the
substantial economic risk: the probability of needing nursing home care for a year
or more is roughly 30% for those reaching age 65, and annual nursing home costs
exceed $90,000 (Brown and Finkelstein 2007, 2008). The standard explanations:
Medicaid crowd-out, adverse selection, and loading factors account for perhaps
half the gap; the remaining underinsurance is anomalous.
Standard model failure. The smooth lifecycle model with Medicaid as a public
option for catastrophic care generates underinsurance consistent with part of the
observed gap (Brown and Finkelstein 2008). But it cannot explain why underinsur-
ance is concentrated in exactly the demographic groups, those with adverse health
histories, where the smooth model most strongly predicts purchase. Sick agents
are the ones who most need LTCI; they are also the ones who least buy it.
Curvature explanation. The curvature asymmetry generates a specific prediction
here that runs counter to the naive intuition. An agent near themortality boundary
has a high-curvature value function. A long-term care event, from this agent’s per-
spective, is a deterioration toward the absorbing boundary: it increases curvature
further and reduces expected residual life. The curvature asymmetry (Proposition
3.3) implies that the adverse shock of entering long-term care costs the agent more
in expected utility terms than the corresponding improvement of avoiding it gains.
In the presence of this asymmetry, the expected utility gain from insuring against
the bad state is smaller than the smooth model predicts, because the bad state,

35



when it arrives, produces a reduction in expected utility that the premium pay-
ment cannot fully offset. The agent is effectively insuring against a state in which
the curvature of their value function will be so large that neither the insurance pay-
ment nor the absence of the LTCI cost will make a meaningful difference to their
boundary proximity.
This is not a behavioral argument. It is a structural consequence of the asymme-
try: near-boundary agents are in a curvature regime where the marginal utility of
wealth is high but the marginal utility of insurance against further adverse events
is lower than it appears in a smooth model, because the high curvature means the
adverse event will dominate the value function regardless.
Testable prediction. LTCI take-up rates, controlling for wealth andMedicaid eligi-
bility, are negatively predicted by clinical trajectory markers, specifically the rate of
change of boundary proximity over the 36 months prior to the purchase decision.
Agents on an accelerating trajectory toward the boundary exhibit lower LTCI take-
up, consistent with the asymmetry mechanism rather than with standard adverse
selection.

6.7 Portfolio Composition
Empirical fact. Elderly investors maintain equity exposure well above lifecycle
theory’s prescription (Ameriks and Zeldes 2004). The Cocco-Gomes-Maenhout
(2005) calibration requires implausibly high risk aversion to match observed eq-
uity holdings at advanced ages. Relatedly, the elderly treat home equity as a last
resort rather than decumulating it alongside financial assets, accumulate excess
cash in low-yield accounts, and maintain life insurance well past the point where
the standard model says it should be cancelled.
Standard model failure. The lifecycle portfolio model recommends declining eq-
uity as a share of wealth with age because the ratio of human capital to financial
wealth falls. With smooth mortality, the optimal portfolio converges to a risk-free
terminal allocation as the horizon shortens and mortality risk increases. The ob-
served persistence of equity exposure implies either unusually high equity pre-
mium beliefs or unusually low risk aversion; neither is independently motivated.
Curvature explanation. The trajectory-dependent model generates a hedging de-
mand for assets correlated with health shocks. An agent whose health is adversely
correlated with aggregate equity returns; health and equity are positively corre-
lated over the business cycle (Ruhm 2000), creating a joint risk of bad health out-
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comes and bad portfolio returns. The curvature of the value function near the
boundary amplifies this joint risk asymmetrically: the adverse state (bad health,
bad market) is more costly than the good state (good health, good market) is ben-
eficial.
The optimal portfolio response is to hold equity as a hedge against states in which
the agent is far from the boundary: equity pays well when the agent is healthy and
has a flat value function; the optimal response shifts toward liquid assets as a buffer
against boundary-proximity events. This produces exactly the pattern observed:
equity persists because it hedges the high-curvature states from a distance, while
cash accumulates as an immediately available resource. The apparent irrationality
is rational portfolio choice under a value function whose curvature is large near the
boundary.
Home equity is treated as a last resort because it is illiquid: it cannot be rapidly
converted into the medical expenditures that boundary-proximity events require.
Themodel generates a hierarchy of asset decumulation: liquid assets first, financial
assets second, home equity last as a direct consequence of the liquidity structure
interacting with boundary-proximity curvature.
Testable prediction. Equity share, controlling for wealth and age, is positively pre-
dicted by the correlation between the agent’s clinical trajectory and aggregate eq-
uity returns in the HRS-Medicare linked sample. Agents whose health deteriora-
tions coincide with market downturns hold more equity, not less, consistent with
the curvature-driven hedging demand.

6.8 Health Expenditure at End of Life
Empirical fact. Roughly 25% of lifetime Medicare expenditures are incurred in the
final year of life (Lubitz andRiley 1993; Riley and Lubitz 2010). Family and individ-
ual willingness to authorize high-cost, low-expected-benefit interventions near end
of life is dramatically above what a simple expected-value calculation would sup-
port. The standard rationalization: that families do not accurately assess prognosis
is a behavioral story, not a structural one, and it does not explain the socioeconomic
gradients in treatment intensity.
Standard model failure. A smooth-mortality utility-maximizing model with cor-
rect beliefs about treatment efficacy should not authorize high-cost interventions
with negative expected health benefit. The observed treatment intensity at end of
life is attributed to informational frictions, family dynamics, or physician incen-
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tives; none of this is part of the standard lifecycle framework.
Curvature explanation. An agent at state x near ∂Ω faces a value function with
large curvature. A treatment that offers a small probability of survival extension,
which moves the agent slightly away from the boundary, produces a large increase
in expected utility because the curvature is large near ∂Ω: small improvements
in boundary distance are worth a great deal in expected residual life. From the
perspective of the correct value function, the treatment’s expected utility value is
significantly higher than its naive actuarial cost-effectiveness suggests.
This is not irrationality. It is the direct consequence of the curvature of the correct
value function. The agent and family are implicitly computing V (x+ δν) − V (x) ≈
δ∂νV (x), where ∂νV is large near ∂Ω. The smooth model, which has bounded cur-
vature, produces a lower estimate of ∂νV near the boundary and therefore pre-
dicts lower willingness to pay for the same treatment. The discrepancy between
observed and predicted treatment authorization is quantitatively governed by the
ratio of the true curvature to the smooth-model curvature, a ratio that diverges as
the agent approaches the boundary.
The socioeconomic gradient in treatment intensity follows from thewealth gradient
in boundary proximity: wealthier agents are, on average, further from the mortal-
ity boundary (better access to healthcare, lower lifetime exposure to adverse con-
ditions), so they face lower curvature and lower willingness to pay for marginal
treatment. The gradient is not a preference story but a curvature story.
Testable prediction. Treatment authorization rates for low-efficacy, high-cost in-
terventions near end of life are predicted by the curvature score κ̂(xi) at the time of
the treatment decision, controlling for wealth, income, and stated treatment pref-
erences. The incremental explanatory power of the curvature score over standard
prognostic indices identifies the boundary-geometry component of treatment de-
cisions.

6.9 Pension Tax Choices: Roth Conversion and DB vs. DC
Empirical fact. Roth IRA conversion rates: converting pre-tax retirement savings
to post-tax are far below the levels that optimization over smooth mortality distri-
butions would predict for individuals in low current tax brackets who expect high
future marginal rates (Reichling and Smetters 2015). Conversely, the preference
for defined-benefit pensions over defined-contribution plans, conditional on iden-
tical actuarial values at population mortality, is substantially stronger in subpopu-
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lationswith adverse health histories than in healthy cohorts, reversing the standard
adverse-selection prediction.
Standard model failure. Under smooth mortality, the Roth conversion decision re-
duces to a comparison of present and future marginal tax rates, adjusted for the
probability of not surviving to realize the future benefit. The smooth model pre-
dicts conversion for young-to-middle-aged individuals in low brackets; the data
show systematic under-conversion in this group relative to model predictions. The
DB vs. DC preference should, under adverse selection logic, lead sicker individ-
uals to prefer DC (lump sum, realizable immediately) over DB (annuity stream,
requiring survival). The observed preference for DB in adverse-health cohorts is
the opposite.
Curvature explanation. The Roth conversion decision is a bet on surviving long
enough to realize the post-tax advantage. Under the trajectory-dependent model,
an agent near the boundary assigns a lower probability to that survival and a higher
uncertainty around it; the hitting-time distribution has higher variance, not because
of a different scalar hazard, but because for agents in high-curvature regimes. The
option value of delaying conversion is larger under trajectory-dependent mortality
than the smooth model suggests, because the high-curvature regime means that
adverse health shocks, which would eliminate the value of conversion, are more
likely and more costly than the smooth model implies. The under-conversion rate
is rational option preservation, not inertia.
The DB preference in adverse-health cohorts requires a different mechanism. A
defined-benefit pension provides guaranteed income independent of financialmar-
ket conditions. For an agent near ∂Ω, the value function has high curvature: wealth
is worth more because it purchases survival resources. A DB pension is, in effect,
a long position on the agent’s own survival: it pays off in every period of survival,
and the payments aremost valuablewhen the agent is near the boundary and needs
resourcesmost. The curvature amplifies the value of the guaranteed stream relative
to a lump sum that must be managed under the stress of boundary proximity.
Testable prediction. Roth conversion rates, conditional on tax bracket and wealth,
are negatively predicted by the curvature score at the time of the conversion de-
cision. DB preference over DC, conditional on actuarial equivalence at popula-
tion mortality, is positively predicted by the curvature score. Both predictions are
testable using retirement account data linked to Medicare claims.
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6.10 Estate Planning and Gift Timing
Empirical fact. Timing of inter-vivos gifts is highly concentrated in the period
immediately following a serious diagnosis, far above the rates predicted by opti-
mal estate-planningmodels calibrated to smoothmortality (Bernheim, Lemke, and
Scholz 2004). The acceleration of gifting after a diagnosis is not fully explained by
estate tax avoidance; the pattern persists below the exemption threshold and at
rates far exceeding the tax benefit.
Standard model failure. The smooth lifecycle estate-planning model treats gift
timing as a function of the gift tax schedule and the smooth mortality hazard. The
optimal gift-timing problem has a smooth solution: gifts are spread across time
to exploit the annual exclusion, with no particular concentration around health
events. The empirical concentration requires appeal to behavioral urgency or in-
formational effects that are outside the model.
Curvature explanation. A catastrophic diagnosis moves the agent near ∂Ω discon-
tinuously. The curvature of the value function increases sharply, and the marginal
value of wealth to the agent falls relative to the marginal value of wealth to heirs
who are far from their own boundaries. The optimal transfer policy is to accelerate
gifts immediately following any event that significantly increases boundary prox-
imity. The driver is not tax optimization but the agent’s value function has changed
its geometry. The wealth that was optimal to hold before the diagnosis is no longer
optimal to hold after it: the curvature asymmetry means that the expected utility
cost of holding wealth through the remaining trajectory is lower than the expected
utility benefit to heirs of receiving it now.
The gift acceleration following diagnosis is a direct readout of the discontinuous
change in value function geometry induced by the clinical event, the computational
realization of the boundary-determines-interior principle in estate planning.
Testable prediction. The magnitude of gift acceleration following a serious diag-
nosis, controlling for estate size and tax bracket, is predicted by the change in curva-
ture score induced by the diagnosis event. Diagnoses that produce larger increases
in κ̂ should produce larger gift accelerations.

6.11 Precautionary Saving by the High-Wealth Elderly
Empirical fact. High-wealth elderly households maintain savings rates that are
positive or near-zero well into their eighties, far above the buffer-stockmodel’s pre-
diction for agents who have long since exceeded the target wealth level (Dynan,
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Skinner, and Zeldes 2004; Carroll 1997). This over-accumulation is concentrated at
the top of the wealth distribution and is correlated with adverse health events in
a way that the standard precautionary motive, saving against income risk, cannot
explain: high-wealth agents face negligible income risk.
Standard model failure. Buffer-stock models of precautionary saving predict con-
vergence to a target wealth level, above which saving is driven only by bequest
motives or implausibly high risk aversion. The positive saving of wealthy elderly
individuals is explained by calibrating large bequest motives or high risk aversion;
neither has independent empirical identification.
Curvature explanation. The trajectory-dependent model generates a third mo-
tive for wealth accumulation that is distinct from consumption smoothing and be-
quest motives: boundary-proximity insurance. Wealth near the mortality bound-
ary purchases resources: medical interventions, care coordination, specialist treat-
ment that extend the agent’s distance from the boundary. The curvature of the
value function near ∂Ω assigns highmarginal utility towealth in that regime, gener-
ating a savingmotive that increases, rather than decreases, as the agent approaches
the boundary.
This motive has no analog in the smoothmodel: the smoothmodel’s effective value
function has bounded curvature, so the marginal utility of additional wealth is al-
ways bounded and eventually falls below the discount rate, stopping saving. In
the correct model, the diverging curvature means the marginal utility of additional
wealth near the boundary can exceed the discount rate even at very high wealth
levels, generating the observed positive saving rates.
Testable prediction. Saving rates among high-wealth elderly, controlling for in-
come and standardhealthmeasures, are positively predicted by the curvature score.
The relationship should be nonlinear: saving rates should increase with curvature
score in the upper tail of the curvature distribution, consistent with the diverging
curvature near ∂Ω.

7. Empirical Application

7.1 The Estimand and the Data
The sufficient statistic derived in Section 3 is the covariance Cov(δ2

i , κi) across pa-
tients, where δi is intervention exposure and κi = |∂2

ν V̂θ(Φ(γi))| is the curvature
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score from the trained model at patient i’s embedding. Estimating this requires
three inputs: a trained clinical transformer, a linked dataset of clinical trajectories
and intervention assignments, and a choice of the intervention class of interest.
None of these is exotic. All three are available in Medicare-linked claims data com-
bined with any standard randomized or quasi-randomized intervention.
The estimation procedure of Zhorin (2026b, Section 7) proceeds in three steps that
are worthmaking concrete here. For each patient i, the curvature score is the finite-
difference second derivative of the trained model’s output along the direction νi

corresponding to the intervention:

κ̂i = V̂θ(Φ(γi) + hνi) − 2V̂θ(Φ(γi)) + V̂θ(Φ(γi) − hνi)
h2

This is one forward pass of the network per patient, cheap at scale. The bandwidth
h is chosen by cross-validation on a held-out cohort. The squared exposure δ2

i is
the intervention assignment (or its observational analog). The sample covariance
is then a single inner product: O(N) operations for a population of N patients.
The output is interpretable byProposition 3.4: a positive valuemeans high-curvature
patients are being treated more intensively, and the population-level response to
symmetric intervention shocks will be asymmetric in the worsening direction. A
value near zero means the asymmetry is small at the population level even if indi-
vidual patients near the boundary exhibit large local curvatures.

7.2 Why Medicine Provides the Clean Test
The framework applies wherever there are discrete timestamped events with a ter-
minal boundary. Medicine is the right starting domain because four properties
hold simultaneously that are unusual in social-science settings.
Boundaries are observed. Mortality is binary and verifiable in administrative data.
The outcome variable is unambiguous. Default in credit and failure in firms are also
verifiable, but their timing is often disputed and strategically managed. Mortality
is not.
Datasets are large. Medicare Part A and Part B claims cover roughly 60 million
beneficiaries annually with complete encounter-level records. The HRS-Medicare
linkage provides wealth, consumption, income, and bequest data for the same in-
dividuals. The clinical transformer can be trained on tens of millions of trajectories;
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the lifecycle model can be estimated on the same population.
The comparison class exists. De Nardi (2004), De Nardi, French, and Jones (2010),
Lockwood (2012, 2018), and related papers provide carefully estimated smooth-
mortality lifecycle models against which the trajectory-dependent model can be
compared inmatched samples. The question is notwhether the trajectory-dependent
model fits better in-sample (it will, with more parameters) but whether it resolves
the specific cross-sectional patterns that the smooth model cannot generate.
The boundary is universal. As argued in Section 3.5 and Proposition 3.5, the Cher-
noff half-life between the trajectory-dependent and population-table distributions
is short for near-boundary patients. The misspecification is statistically detectable,
and therefore identifiable with reasonable sample sizes.

7.3 The Financial Analog: Default as Absorbing Boundary
The mathematical structure of Section 2 applies to financial default without modi-
fication. A borrower’s account trajectory γF = ((e1, t1), . . . , (en, tn)) is a sequence of
financial events: payments, purchases, delinquency flags, credit limit changes. The
terminal boundary ∂ΩF is default. The trajectory space ΓF is the Kleene closure of
transaction types and timestamps.
Zhorin (2026c) proves three necessity theorems establishing that optimal default
prediction from financial event sequences requires exactly the same architectural
components as optimal mortality prediction: discrete event embeddings, spectral
temporal encoding, and learned causal attention. The proofs are isomorphic to
those in Section 4 of this paper (and to Section 3 of the topology paper), because
the mathematical structure is identical. Two borrowers with identical summary
statistics but different transaction orderings have different default probabilities; two
borrowers with the same transaction types but different timing geometry have dif-
ferent default probabilities; context-dependent interpretation of transactions is re-
quired. Standard credit models that aggregate transactions into tabular features,
or that use ordinal positional encoding for the transaction sequence, are provably
suboptimal.
The boundary-curvature asymmetry has a direct credit interpretation. For a bor-
rower close to default (s small), the curvature of the value function (expected resid-
ual “financial life”) diverges at rate s−3/2. A deteriorating credit event (missed pay-
ment, over-limit charge) costs more in expected financial life than an equivalent
improving event (large payment, balance reduction) gains. This asymmetry is the
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geometric mechanism underlying the empirical finding that negative credit events
are more predictive of default than positive events are predictive of recovery — a
pattern treated as a behavioral or institutional anomaly in the credit literature but
following directly from the geometry.
The practical consequence for credit modeling: a transformer trained on transac-
tion sequences with a default-prediction objective, using spectral temporal encod-
ing, will produce embeddings whose curvature near the default boundary encodes
the same s−3/2 structure as the clinical model. The curvature-exposure covariance
is estimable from the trained credit model using the same three-step procedure as
the clinical analog. The number tells underwriters whether their intervention in-
tensities (collection calls, credit limit reductions, payment plans) are concentrated
on high-curvature accounts, and whether the population-level response to those
interventions will be asymmetric.

7.4 Cross-Domain Predictions
Because the mathematical structure is substrate-independent (Zhorin 2026d, Sec-
tion 7), the framework generates predictions across domains that would otherwise
seem unrelated.
Prediction 7.1 (Mortality-finance correlation). Apatient near themortality bound-
ary also has elevated probability of financial distress. This is because proximity to
the absorbing boundary in the clinical state space is correlated with proximity to
the absorbing boundary in the financial state space: serious illness generates med-
ical expenditures that deplete savings, creates income loss from disability, and re-
duces capacity tomanage complex financial instruments. The trajectory-dependent
model predicts a specific functional form for the clinical-financial correlation: the
correlation between κ̂clinical(i) and κ̂financial(i) should be positive and should increase
as either score increases, because the curvatures are amplified by proximity and the
two proximities are positively correlated. This prediction is testable using linked
health and credit bureau records.
Prediction 7.2 (Event acceleration as leading indicator). The temporal geome-
try of event sequences encodes boundary proximity: event acceleration (increasing
event rate over time) is a reliable precursor of boundary events in both clinical and
financial contexts. The spectral temporal encoding of Section 2.5 captures this pat-
tern in the learned frequencies νk. The prediction is that the learned frequencies in
a clinical mortality model and in a credit default model, trained on the respective
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trajectory populations, will share characteristic timescales: those corresponding to
the acceleration patterns that precede boundary events in each domain.

8. The Corrected Lifecycle Model

8.1 The Corrected Lifecycle HJB
The standard continuous-time lifecycle HJB with exogenous mortality, following
Huggett (1993), Aiyagari (1994), and the dynastic formulation of Stantcheva (2015),
is:

(ρ+ δk)V (a, z) = max
c ≥ 0

{
u(c) + Va(a, z) [y(z) + ra− c] + Lz V (a, z) + δk b(a)

}
(1)

where ρ is the subjective discount rate, δk is the mortality hazard, y(z) is labor in-
come, r is the return on assets, b(a) is the bequest value function, and Lz is the
generator of the income process. For a two-state Markov chain: LzV = λ[V (a, z′) −
V (a, z)]; for a diffusion: LzV = µzVz + 1

2σ
2
zVzz.

The left side collects pure time preference andmortality discounting. The right side
adds the bequest flow δk b(a): in every instant the agent dies (probability δk dt),
she leaves wealth a and the household receives bequest utility b(a). This is the
form in Stantcheva (2015, Chapter 2) and Kaplan, Moll, and Violante (2018). The
alternative ρV = maxc{. . .} − δk[V − b(a)] is algebraically identical; the form above
is standard.
What changes. Replace the scalar δk with a trajectory-dependent function δ(s)
where s = dist(Φ(γ), ∂Ω) is the boundary proximity score from the trained clini-
cal model. The state space expands from (a, z) to (a, z, s), and the clinical trajectory
contributes its own generator Ls. The corrected HJB is:

(
ρ+ δ(s)

)
V (a, z, s) = max

c ≥ 0

{
u(c) + Va [y(z) + ra− c] + Lz V + Ls V + δ(s) b(a)

}
(2)

where LsV = µs(s)Vs + 1
2σ

2
s(s)Vss.

Three things distinguish (2) from (1).
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First, δ(s) is not parametric. Near ∂Ω, the boundary asymptotics of Section 3 im-
ply δ(s) ∼ c0 · s−1/2, diverging as the agent approaches death. The standard δk is
bounded and cannot represent this.
Second, Vss enters through LsV with weight 1

2σ
2
s(s). This is the precautionary sav-

ings channel as a mechanical consequence of the HJB, not a behavioral overlay: the
variance of the clinical trajectory process directly enters the value function’s curva-
ture. Agents in high-volatility clinical regimes (large σ2

s) face a larger precautionary
motive at the same level of s.
Third, the bequest flow is δ(s) b(a), not δk b(a). Near ∂Ω, δ(s) is large, so the bequest
flow dominates the right-hand side. The weight on b′(a) in the first-order condi-
tion u′(c∗) = Va is time-varying and state-dependent, proportional to δ(s), which
grows without bound as the agent approaches death. The slow decumulation of
Section 4.4 follows directly without any change to preference parameters.
Reduction to three dimensions. The full clinical embedding ϕ ∈ Rd enters the HJB
only through the scalar s and the local parameters (µs(s), σ2

s(s)), estimated from
the trained model at negligible cost. The state space reduces from (a, z, ϕ) back
to (a, z, s). The corrected HJB is computationally equivalent to a two-state health
model, and simpler than the continuous-health models in De Nardi, French, and
Jones (2010), because s has a known functional form near ∂Ω from the boundary
asymptotics.

8.2 Addressing the De Nardi Objection
De Nardi (2004, footnote 8) explicitly considered whether differential mortality
across types would materially change the lifecycle model’s predictions and con-
cluded it would not, citing themacroeconomic-analog scaling argument: the cross-
sectional moment from differential mortality contributes a small fraction of aggre-
gate variance, analogous to theKrusell-Smith (1998) finding forwealth distribution
moments.
The structural response is Section 8 of Zhorin (2026b): the macroeconomic scal-
ing argument fails for mortality because the boundary is universal. But it is worth
quantifying the failure herewith a simple calculation that directly engagesDeNardi’s
framework.
In the Krusell-Smith (1998) calculation, the cross-sectional contribution is small be-
cause the borrowing constraint binds for atmost 20-30%of agents. The representative-
agent tracking error is a few percent. The analogous calculation for mortality: if
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15% of the elderly population at any cross-section is within 12 months of death
(consistentwithMedicare spending concentration), and those agents have survival
probabilities p ≈ 0.30 against the smooth model’s p ≈ 0.95, then the first-order con-
dition weight on the bequest term shifts from 0.05 to 0.70 for that 15%. By the FOC
analysis of Section 4.4, their consumption drops from 8% decumulation to 2% de-
cumulation. The aggregate shift is 0.15 × (8% − 2%) = 0.9 percentage points of the
annual decumulation rate.
For a population with aggregate wealth W̄ , this 0.9 percentage-point shift in the
annual decumulation rate is 0.009W̄ per year. With median elderly wealth of ≈
$250, 000 (HRS data), this is ≈ $2, 250/year per household in the constrained sub-
population. Aggregated over a 15% share of ≈ 50 million elderly households, the
annual aggregate savings that the smooth model misattributes is of order $17 bil-
lion per year. This is not a small correction.
The De Nardi dismissal was correct given the data and methods available in 2004.
It is incorrect given the trajectory data that are now available in Medicare claims
and the trained clinical models that can compute ŝi and κ̂i for every beneficiary.

8.3 Equilibrium Properties
What changes in the aggregate lifecycle model when the mortality input is cor-
rected?
Aggregate savings. Near-boundary agents save more than the smooth model pre-
dicts (Section 4.4). This raises aggregate savings rates among the elderly. The effect
is concentrated in the top quartile of wealth, where precautionary saving motives
interact with the bequest term at high wealth levels. The corrected model predicts
higher aggregate wealth holdings among the elderly than the smooth model, con-
sistent with the over-accumulation puzzle.
Bequest distribution. The corrected model generates a bequest distribution with
a fatter right tail. High-wealth agents with adverse clinical trajectories save ag-
gressively through their late-accumulation phase and die with large unexpected
bequests. The right tail of the bequest distribution is populated by agents who
were precautionarily saving against a near-boundary event and survived longer
than their trajectory implied. The fat tail is not a parametric feature; it emerges
from the hitting-time variance structure.
Annuity demand. Agents with trajectory-dependent survival probability below
the population table find actuarially-fair-at-population-rates annuities overpriced.
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This generates the observed negative correlation between health status and annuity
take-up. The aggregate annuity demand in the correctedmodel is lower than in the
smoothmodel for the same preference parameters, because a substantial fraction of
potential annuity buyers face personalized mortality rates that make population-
priced annuities actuarially unfavorable.
The insurance market equilibrium. If insurers have access to clinical trajectory
data (through underwriting), they can price closer to the individual trajectory-
dependent rate. This eliminates the adverse selectionmargin that partially explains
low annuity take-up, potentially generating higher equilibrium annuitization. The
policy implication runs counter to the standard argument: permitting use of clin-
ical data in annuity pricing could increase market depth by reducing the adverse
selection wedge, rather than reducing it by excluding high-risk purchasers.

8.4 Stantcheva’s Bequest Tax Formula
Stantcheva (2015) derives the optimal bequest tax formula in a dynastic model
where parents invest in children’s human capital and financial transfers. The for-
mula expresses the optimal tax rate as a function of estimable sufficient statistics:
the elasticity of bequestwith respect to the net-of-tax rate, the redistributionalweight
on bequest recipients, and the fiscal externality of bequests on the government bud-
get.
The correction to this formula from trajectory-dependent mortality is a new term
in the sufficient-statistic decomposition. Because bequest behavior is trajectory-
dependent (Section 6.2: near-boundary agents leave larger bequests as residuals
from precautionary saving), the elasticity of bequest with respect to the net-of-tax
rate is not constant across the population. It is negatively correlatedwith boundary
proximity: near-boundary agents are leaving bequests as precautionary residuals,
not as planned gifts, so their bequest elasticity is lower. The population-average
elasticity used in Stantcheva’s formula should be replaced by:

ϵ̄ = E[ϵi] + Cov(ϵi, ωi)

where ϵi is individual i’s bequest elasticity and ωi is a weight proportional to κi (the
curvature score). Near-boundary agents have high κi and low ϵi, so the covariance
is negative. The corrected sufficient statistic ϵ̄ is lower than the population-average
elasticity alone. The optimal bequest tax is correspondingly lower than Stantcheva’s
formula delivers, because the behavioral elasticity is higher (the planned-bequest
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margin is more responsive to taxes) among agents who are not near-boundary and
lower among agentswho are, and taxing the former ismore distortionary per dollar
of revenue.
The correction is computable from the trained clinical model using the same three-
step procedure as the curvature-exposure covariance. It does not require structural
re-estimation of the dynastic model; it requires only the curvature scores from the
clinical model and a regression of bequest amounts on the net-of-tax rate interacted
with curvature score.

9. Discussion and Extensions

9.1 What the Paper Does and Does Not Establish
The structural claims are three. First, no function in the smooth hazard class can
represent the curvature of the expected hitting-time function near the absorbing
boundary. This is amathematical fact, independent of anydata. Second, the population-
level response to symmetric health interventions is asymmetric by an amount gov-
erned by a single cross-sectional moment, and that moment is large in clinical set-
tings because the boundary is universal. This follows from the geometry of Section
3. Third, the representation class that can encode the boundary geometry exists
and is computationally tractable. This follows from the tropical polynomial char-
acterization of ReLU networks.
The paper does not establish that the corrected lifecycle model fits the data better
than the smooth model in any particular sample. That is an empirical question,
not answered here, though Section 7 identifies the experiments that would answer
it. The paper does not establish that the curvature-exposure covariance is quan-
titatively large in any specific clinical cohort. That is also an empirical question.
What the paper establishes is that the covariance exists, its magnitude is struc-
turally governed by the boundary geometry in a way that cannot be dismissed on
macroeconomic-analogy scaling grounds, and the standard biostatistical pipeline
cannot estimate it.
The paper also does not claim that the behavioral explanations for the lifecycle puz-
zles are wrong. Prospect theory is well-documented. The contribution of Section
3.6 is not that loss aversion does not exist but that it can arise as a consequence
of the boundary-curvature geometry without any behavioral modification, and the
two explanationsmake different quantitative predictions about the relationship be-
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tween the loss aversion coefficient and clinical boundary proximity.

9.2 Extensions
Dynasticmodels. TheBarro-Becker dynastic frameworkwith trajectory-dependent
mortality across generations generates new cross-generational insurance motives.
If parental mortality is trajectory-dependent and correlated within families (ge-
netic and environmental channels), then children’s lifecycle decisions are affected
by the parental trajectory through both the bequest channel (covered here) and the
mortality-forecast channel (if you know your parent died of GBM at 65, your own
probability of that trajectory is elevated). The extended model has a Markov struc-
ture on the dynasty-level clinical trajectory space; the value function on that space
inherits the boundary-curvature geometry.
Optimal health investment. The lifecyclemodelwith trajectory-dependentmortal-
ity generates a demand for preventive health investment as a way of moving away
from ∂Ω. Themarginal value of health investment is ∂V/∂s ·∂s/∂ewhere e is health
expenditure and ∂s/∂e is the effectiveness of spending in extending survival. Near
the boundary, ∂V/∂s ∼ s−1/2 is large; the marginal return to health investment di-
verges. This generates a theoretical prediction about the age profile of preventive
health expenditure that is testable against Medicare claims data.
The incomplete-markets channel. In a HANK model with trajectory-dependent
mortality, the curvature-exposure covariance enters the aggregate Euler equation
through the redistribution channel of Auclert (2019). The aggregate consump-
tion response to a monetary policy shock has an additional term proportional to
the covariance between the curvature score and the net nominal position of each
household. This term can be large if high-curvature households (near-boundary
patients) hold systematically different balance sheets than low-curvature house-
holds. The empirical evidence on this is consistent: elderly with serious illness
hold more cash and less equity (Section 6.7), which is a specific balance-sheet tilt
that interacts with the monetary transmission channel in a predictable direction.
Identification of the mortality component. The corrected lifecycle model requires
estimating the clinical embedding Φ(γi) for each household in the lifecycle sample.
This requires linking household panel data (HRS, PSID) to Medicare or insurance
claims at the individual level. Such linkages are being developed and are avail-
able in several research data centers. The linking itself raises no new identification
issues; the clinical model is estimated on the claims data and the embedding is
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computed as a score that can be merged to the household panel.

9.3 On the Use of Clinical Data in Economic Models
Themost immediate practical obstacle to implementation is data access rather than
methodology. Estimating the curvature-exposure covariance requires individual-
level clinical trajectories linked to economic outcomes. Such data exist inMedicare-
linked surveys (HRS-Medicare, NHATS) and in insurer claims linked to retirement
accounts, but access requires data use agreements and IRB approval. The compu-
tation itself is cheap; the governance is the binding constraint.
There is a deeper question about whether economic models should incorporate
clinical trajectory data at all. If they do, they potentially change the actuarial pric-
ing ofmortality-contingent contracts, which has distributional implications forwho
can access annuities, life insurance, and long-term care insurance. The insurance
market equilibrium of Section 8.3 addressed this specifically: conditional on using
clinical data for pricing, adverse selection decreases and market depth increases.
Unconditional on pricing, the corrected model identifies which population sub-
groups are systematically mis-served by population-priced contracts.
The normative question of whether clinical data should be used in economic de-
cisions is outside the scope of this paper. The positive question of whether the
lifecycle model is currently misspecified by ignoring clinical trajectory information
is within scope, and the answer is: yes, structurally.

9.4 The Program
The program of which this paper is a part has a simple statement: the smooth actu-
arial hazard is the last unreformed input in heterogeneous-agent macroeconomics.
TheHANKprogram reformed the income process, thewealth distribution, and the
monetary transmission mechanism. What it did not reform is the mortality input
that governs when the lifecycle problem terminates and what happens at termina-
tion.
The tools to reform it nowexist. The clinical transformer provides trajectory-dependent
mortality estimates. The tropical polynomial characterization provides a represen-
tation class that can encode the relevant geometry. The Auclert sufficient-statistic
methodologyprovides the aggregation framework. The Stantcheva sufficient-statistic
methodology provides the optimal tax application. All that remains is the empiri-
cal work: linking the clinical model to the lifecycle data, estimating the curvature-
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exposure covariance, and asking whether the smooth model’s residuals correlate
with the clinical curvature score in the ways the theory predicts.
If they do, the lifecycle model needs a new input. If they do not, the smooth hazard
is a better approximation than the boundary-curvature framework suggests, and
the framework should be revised. The claim of this paper is that the question is
well-posed and the answer is empirically accessible, not that the answer is known
in advance.

10. Conclusion
This paper has made three arguments of descending generality.
The most general is geometric: the value function for any expected hitting-time
problem on a domain with a smooth absorbing boundary has curvature that di-
verges at rate s−3/2 near that boundary. No smooth function can represent this,
regardless of how many parameters it contains. Any lifecycle model that uses a
smooth hazard to representmortality is, for agents near the boundary, using a qual-
itatively wrong approximation to the relevant mathematical object.
The intermediate argument is aggregative: the population-level response to sym-
metric interventions is asymmetric by an amount governed by the covariance be-
tween boundary curvature and intervention exposure. This covariance is not a
small correction in clinical settings, because the mortality boundary is universal,
and the curvature integral over the full populationdiverges in away that themacroeconomic-
analogy scaling argument cannot accommodate. TheHansen-Sargent (2017) frame-
work provides the information-theoretic language for precisely how wrong the
smooth approximation is: the Chernoff half-life between the trajectory-dependent
and population-table mortality distributions vanishes near the boundary at the
same rate as the curvature blows up.
The most specific argument is empirical: the constellation of lifecycle puzzles doc-
umented in the literature (at minimum the eleven identified in Section 6) follow
as equilibrium properties of a lifecycle model with the mortality input corrected,
without any changes to preferences, financial frictions, or behavioral assumptions.
The mechanism in each case is the same: survival probability reweighting in the
first-order condition, or precautionary savings amplification from boundary cur-
vature, produces behavior that smooth-mortality models cannot generate.
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The paper has not provided the empirical estimates that would confirm or refute
these claims in a specific sample. That work requires linked clinical-lifecycle data
and is in progress. What the paper has provided is the theoretical framework that
makes the claims precise, the sufficient-statistic characterization that makes them
testable, and the representation class that makes them computationally tractable.
The mortality input problem has a structure, a cause, and a cure. The empirical
work is the next step.
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